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Determinant and Linear Dependen
e

Re
all that elementary operations on ve
tors preserve the property

of being linearly independent.

Proposition

Let A P Mpn ˆ n;Rq. The following 
onditions are equivalent:

i) detA ‰ 0,

ii) rows of matrix A form a linearly independent set,

iii) 
olumns of matrix A form a linearly independent set.

Re
all that n linearly independent ve
tors in R
n
form a basis.



Example

Example

Take matrix A and use elementary row operations to get an

upper-triangular matrix:

A “

»

–

1 ´1 1

2 0 3

1 1 2

fi

fl

r
2

´2r
1

r
3

´r
1ÝÑ

»

–

1 ´1 1

0 2 1

0 2 1

fi

fl

r
3

´r
2ÝÑ

»

–

1 ´1 1

0 2 1

0 0 0

fi

fl “ B

Then detA “ detB “ 0. The rows are linearly dependent

p1,´1, 1q ´ p2, 0, 3q ` p1, 1, 2q “ p0, 0, 0q.

The 
olumns are linearly dependent

´3p1, 2, 1q ´ p´1, 0, 1q ` 2p1, 3, 2q “ p0, 0, 0q.



Identity Matrix

De�nition

The identity matrix In P Mpn ˆ n;Rq is de�ned by

In “

»

—

–

1 0

.

.

.

0 1

fi

ffi

fl
.

That is, it has 1

1
s on the diagonal and 0's elsewhere.

Note that for any A P Mpn ˆ n;Rq the following holds

InA “ AIn “ A,

that is In is a neutral element with respe
t to matrix multipli
ation.

This follows also from the fa
t that MpidRnqA
A

“ In for any basis A

of R
n
.



Invertible Matrix

De�nition

A matrix A P Mpn ˆ n;Rq is 
alled invertible if there exists matrix

B P Mpn ˆ n;Rq su
h that AB “ In. Su
h matrix B is unique and

it satis�es the equality BA “ In. The matrix B is 
alled the inverse

of A and is denoted A
´1

, that is

AA
´1 “ A

´1

A “ In.



Examples

Example

If A “

„

2 5

1 3



then A
´1 “

„

3 ´5

´1 2



.

Example

If A “

»

–

1 0 0

0 2 0

0 0 5

fi

fl

then A
´1 “

»

–

1 0 0

0

1

2

0

0 0

1

5

fi

fl .



Proposition

Let A “ pv
1

, . . . , vnq and B “ pw
1

, . . . ,wnq be ordered bases of

ve
tor spa
e V . Let M be the 
hange-of-
oordinate matrix from

the basis A to the basis B, that is M “ MpidqB
A
. Let N be the


hange-of-
oordinate matrix from the basis B to the basis A, that

is N “ MpidqA
B
. Then N “ M

´1

.

Proof.

It is enough to use the formula relating 
omposition of linear

transformations with matrix multipli
ation and the uniqueness of

the inverse.

MN “ MpidqBAMpidqAB “ MpidqBB “ In.

Example

Let V “ R
2

, A “ pp2, 1q, p5, 3qq,B “ st “ pp1, 0q, p0, 1qq. Then

M “ Mpidqst
A

“

„

2 5

1 3



and N “ MpidqAst “

„

3 ´5

´1 2



.



Example (
ontinued)

Let V “ R
2

, A “ pp2, 1q, p5, 3qq,B “ st “ pp1, 0q, p0, 1qq. Then

M “ Mpidqst
A

“

„

2 5

1 3



and N “ MpidqAst “

„

3 ´5

´1 2



.

For example, take ve
tor v “ p3, 1q. It's 
oordinates relative to the

standard basis are 3, 1 that is p3, 1q “ 3p1, 0q ` 1p0, 1q. To 
ompute


oordinates of v relative to the basis A we use the


hange-of-
oordinate matrix N “ MpidqAst .

„

3 ´5

´1 2

 „

3

1



“

„

4

´1



.

The 
oordinates of v relative to the basis A are 4,´1 that is

p3, 1q “ 4p2, 1q ´ 1p5, 3q.



Determinants and Invertible Matri
es

Theorem

Let A P Mpn ˆ n;Rq. Let ϕ : Rn ÝÑ R
n
be a linear transformation

and let A,B be bases of R
n
su
h that MpϕqB

A
“ A. The following


onditions are equivalent:

i) the matrix A is invertible,

ii) detA ‰ 0,

iii) rows of A form a linearly independent set,

iv) 
olumns of A form a linearly independent set,

v) for any K “

»

—

–

k
1

.

.

.

kn

fi

ffi

fl
if AK “

»

—

–

0

.

.

.

0

fi

ffi

fl
then K “

»

—

–

0

.

.

.

0

fi

ffi

fl
,

vi) the linear transformation ϕ is inje
tive,

vii) the linear transformation ϕ is surje
tive,

viii) the linear transformation ϕ is bije
tive (invertible).



Computing the Inverse

For any A “ raij s,B “ rbij s P Mpn ˆ n;Rq denote by rA|Bs the
matrix

»

—

–

a
11

. . . a
1n b

11

. . . b
1n

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

an1 . . . ann bn1 . . . bnn

fi

ffi

fl
P Mpn ˆ 2n;Rq.

Theorem

Matrix A is invertible if and only if matrix rA|Ins 
an be transformed

by elementary row operations to the matrix rIn|Bs. Then B “ A
´1

.

Proof.

Use multipli
ation by elementary matri
es (
f. Le
ture 5).



Example

Let A “

»

–

2 0 1

1 0 1

0 1 1

fi

fl . Then

»

–

2 0 1 1 0 0

1 0 1 0 1 0

0 1 1 0 0 1

fi

fl

r
1

´r
2ÝÑ

»

–

1 0 0 1 ´1 0

1 0 1 0 1 0

0 1 1 0 0 1

fi

fl

r
2

´r
1ÝÑ

»

–

1 0 0 1 ´1 0

0 0 1 ´1 2 0

0 1 1 0 0 1

fi

fl

r
3

´r
2ÝÑ

»

–

1 0 0 1 ´1 0

0 0 1 ´1 2 0

0 1 0 1 ´2 1

fi

fl

r
2

Ør
3ÝÑ

»

–

1 0 0 1 ´1 0

0 1 0 1 ´2 1

0 0 1 ´1 2 0

fi

fl .

Therefore

A
´1 “

»

–

1 ´1 0

1 ´2 1

´1 2 0

fi

fl .



Rank of Matrix

Re
all

De�nition

Let A P Mpm ˆ n;Rq. The rank of A is the dimension of the spa
e

linpw
1

, . . . ,wmq where w
1

, . . . ,wm P R
n
are rows of A. The rank of

A is denoted rpAq.

Example

A “

»

–

1 2 1 1

3 7 3 4

1 3 1 2

fi

fl

r
2

´3r
1

r
3

´r
1ÝÑ

»

–

1 2 1 1

0 1 0 1

0 1 0 1

fi

fl

r
3

´r
2ÝÑ

»

–

1 2 1 1

0 1 0 1

0 0 0 0

fi

fl .

The last matrix is in an e
helon form with two non-zero rows

therefore rpAq “ dim linpp1, 2, 1, 1q, p3, 7, 3, 4q, p1, 3, 1, 2qq “
“ dim linpp1, 2, 1, 1q, p0, 1, 0, 1qq “ 2.



Rank of Matrix

Theorem

For any matrix A P Mpm ˆ n;Rq the following numbers are equal:

i) dim linpw
1

, . . . ,wmq where w
1

, . . . ,wm are rows of A,

ii) dim linpk
1

, . . . , knq where k
1

, . . . , kn are 
olumns of A,

iii) the number of 
olumns (or rows) of a maximal square

submatrix B of A su
h that detB ‰ 0.



Proof

Matrix A 
an be put into a redu
ed e
helon form by elementary row

operations, and then, by elementary operations on 
olumns, it 
an

be put into the form

»

—

—

—

—

—

—

—

—

—

—

—

—

–

1 0 0 . . . 0 0 . . . 0

0 1 0 . . . 0 0 . . . 0

0 0 1 . . . 0 0 . . . 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 . . . 1 0 . . . 0

0 0 0 . . . 0 0 . . . 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 . . . 0 0 . . . 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Elementary row and 
olumn operations do not 
hange those three

numbers. Therefore the rank of A is equal to the number of pivots

in an e
helon form.



Example

Example

Let A “

»

–

1 2 1 1

3 7 3 4

1 3 1 2

fi

fl . It 
an be 
he
ked that

det

»

–

2 1 1

7 3 4

3 1 2

fi

fl “ det

»

–

1 1 1

3 3 4

1 1 2

fi

fl “ det

»

–

1 2 1

3 7 4

1 3 2

fi

fl “

det

»

–

1 2 1

3 7 3

1 3 1

fi

fl “ 0. But det

„

1 2

3 7



“ 1 ‰ 0, hen
e rpAq “ 2.



Krone
ker-Capelli Theorem

Consider a system of linear equations and two asso
iated matri
es

U :

$

’

’

’

&

’

’

’

%

a
11

x
1

` a
12

x
2

` . . . ` a
1nxn “ b

1

a
21

x
1

` a
22

x
2

` . . . ` a
2nxn “ b

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

am1

x
1

` am2

x
2

` . . . ` amnxn “ bm

A “

»

—

—

—

–

a
11

a
12

. . . a
1n

a
21

a
22

. . . a
2n

.

.

.

.

.

.

.

.

.

.

.

.

am1

am2

. . . amn

fi

ffi

ffi

ffi

fl

, B “

»

—

—

—

–

a
11

a
12

. . . a
1n b

1

a
21

a
22

. . . a
2n b

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

am1

am2

. . . amn bm

fi

ffi

ffi

ffi

fl



Krone
ker-Capelli Theorem (
ontinued)

Theorem (Krone
ker-Capelli)

i) the system U has a solution if and only if rpAq “ rpBq,

ii) if the system U has a solution then exa
tly n ´ rpAq variables

are free variables,

iii) if ps
1

, . . . , snq P R
n
is any solution of U and W is the subspa
e

of all solutions of a homogeneous system of linear equations

given by the matrix A then solutions of U are of the form

ps
1

, . . . , snq ` W “ tps
1

, . . . , snq ` w | w P W u.

Proof.

Adding one 
olumn to a matrix 
an only in
rease its rank by at most 1. If

rpBq “ rpAq ` 1 then in the e
helon form of B there is a pivot in the


olumn of 
onstant terms. The pivots 
orrespond to dependent variables

and the number of pivots is equal to the rank of the matrix. The

di�eren
e of any two solutions of U is a solution of the homogeneous

system of linear equations asso
iated to the matrix A.



Matrix Inverse Formula

Let A P Mpn ˆ n;Rq. The adjugate matrix of the matrix A is

given by (note the transposition!)

adjpAq “

»

—

—

—

–

p´1q1`1 detA
11

p´1q1`2 detA
12

¨ ¨ ¨ p´1q1`n detA
1n

p´1q2`1 detA
21

p´1q2`2 detA
22

¨ ¨ ¨ p´1q2`n detA
2n

.

.

.

.

.

.

.

.

.

.

.

.

p´1qn`1 detAn1 p´1qn`2 detAn2 ¨ ¨ ¨ p´1qn`n detAnn

fi

ffi

ffi

ffi

fl

⊺

.

Theorem

Let A P Mpn ˆ n;Rq be an invertible matrix. Then

A
´1 “

1

detA
adjpAq.

Proof.

The equality A
1

detA
adjpAq “ In 
an be 
he
ked dire
tly using the

Lapla
e expansion.



Example

Let A “

„

a b

c d



. Then

adjpAq “

„

p´1q1`1 detA
11

p´1q1`2 detA
12

p´1q2`1 detA
21

p´1q2`2 detA
22

⊺

“

„

d ´c

´b a

⊺

“

“

„

d ´b

´c a



.

Hen
e

A
´1 “

1

ad ´ bc

„

d ´b

´c a



.

For example

„

2 5

1 3

´1

“

„

3 ´5

´1 2



.



Cramer's Rule

Let U be a system of linear equations with n unknowns and n

equations:

U :

$

’

’

’

&

’

’

’

%

a
11

x
1

` a
12

x
2

` . . . ` a
1nxn “ b

1

a
21

x
1

` a
22

x
2

` . . . ` a
2nxn “ b

2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

an1x1 ` an2x2 ` . . . ` annxn “ bn

Let A “

»

—

–

a
11

¨ ¨ ¨ a
1n

.

.

.

.

.

.

.

.

.

an1 ¨ ¨ ¨ ann

fi

ffi

fl
be the asso
iated matrix of


oe�
ients and let B “

»

—

–

b
1

.

.

.

bn

fi

ffi

fl
be the matrix of 
onstant terms.

The system U 
an be written as A

»

—

–

x
1

.

.

.

xn

fi

ffi

fl
“

»

—

–

b
1

.

.

.

bn

fi

ffi

fl
.



Cramer's Rule (
ontinued)

Therefore, if detA ‰ 0 the system U has exa
tly one solution given

by

»

—

–

x
1

.

.

.

xn

fi

ffi

fl
“ A

´1

»

—

–

b
1

.

.

.

bn

fi

ffi

fl
.

Theorem (Cramer's Rule)

If detA ‰ 0 then the unique solution of the system U is given by

xi “ detAi

detA
for i “ 1, . . . , n, where Ai is the matrix A with i -th


olumn repla
ed by B .

Proof.

Use the Lapla
e expansion and the inverse matrix formula.



Example

Let

U :

"

2x
1

` 3x
2

“ ´1

3x
1

` 4x
2

“ ´3

Then

A “

„

2 3

3 4



, A
1

“

„

´1 3

´3 4



, A
2

“

„

2 ´1

3 ´3



.

Therefore, x
1

“ detA
1

detA
“ 5

´1

“ ´5, x
2

“ detA
2

detA
“ ´3

´1

“ 3.



Matrix Algebra

Remarks

i) if A,B P Mpn ˆ n;Rq and detA ‰ 0, detB ‰ 0 then the matrix AB

is invertible and pABq´1 “ B
´1

A
´1

,

ii) pABq⊺ “ B
⊺
A
⊺
,

iii) if A P Mpn ˆ n;Rq and detA ‰ 0 then the matrix A
⊺
is invertible

and pA⊺q´1 “ pA´1q⊺,

iv) for n ą 0 de�ne

A
n “ A ¨ ¨ ¨A pn ´ timesq,

if detA ‰ 0 for n ă 0 de�ne

A
n “ pA´1q´n

and A
0 “ I .



Matrix Algebra (
ontinued)

Remarks

iv) The following

A
n
A
m “ A

n`m
,

pAnqm “ A
nm

,

hold for any integers m, n,

v) note that unless AB “ BA, in general,

pABqn “ pABqpABq ¨ ¨ ¨ pABq ‰ A
n
B

n
.


