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S
alar Produ
t

De�nition

A s
alar produ
t of two ve
tors

v “ pv
1

, . . . , vnq,w “ pw
1

, . . . ,wnq P R
n
is the real number

v ¨ w “
n

ÿ

i“1

viwi .

Example

Let v “ p1, 0,´2, 3q,w “ p0, 2, 2, 1q P R
4

. Then

v ¨ w “ 1 ¨ 0 ` 0 ¨ 2 ´ 2 ¨ 2 ` 3 ¨ 1 “ ´1.



Properties of S
alar Produ
t

Let v , v 1
,w ,w 1 P R

n
and let α P R. Then

i) v ¨ w “ w ¨ v ,
ii) pαvq ¨ w “ αpv ¨ wq,
iii) pv ` v 1q ¨ w “ v ¨ w ` v 1 ¨ w , v ¨ pw ` w 1q “ v ¨ w ` v ¨ w 1

,

iv) v ¨ v ą 0 for v ‰ 0.



Length of a Ve
tor

De�nition

The length of a ve
tor v “ pv
1

, . . . , vnq P R
n
is the number

}v} “
?
v ¨ v “

b

v2
1

` v2
2

` . . . ` v2n .

Obviously }v} ě 0 and

}v} “ 0 ðñ v “ 0.

Note that if α P R then }αv} “ |α|}v}. In parti
ular, if v ‰ 0 then

›

›

›

v
}v}

›

›

›
“ 1. The ve
tor

v
}v} is 
alled the normalized ve
tor of v .

De�nition

Two ve
tors v ,w P R
n
are said to be orthogonal (or

perpendi
ular) if v ¨ w “ 0. We write v K w .



Pythagorean Theorem

Example

Let v “ p3, 0, 4q,w “ p0, 1, 0q, u “ p1, 1, 1q. Then
}v} “

?
3

2 ` 0

2 ` 4

2 “
?
9 ` 16 “ 5. The normalized ve
tor of v

is

1

5

p3, 0, 4q. Sin
e v ¨w “ 3 ¨ 0` 0 ¨ 1` 4 ¨ 0 “ 0 then v K w but w

is not orthogonal to u be
ause w ¨ u “ 1.

Theorem (Pythagoras)

If v K w then }v ` w}2 “ }v}2 ` }w}2.

Proof.

}v ` w}2 “ pv ` wq ¨ pv ` wq “ v ¨ v ` v ¨ w ` w ¨ v ` w ¨ w “
}v}2 ` }w}2.



Orthogonal Complement

Let A Ă R
n
be any set. Let

AK “ tw P R
n | w ¨ v “ 0 for all v P Au.

The set AK
is a subspa
e of R

n
.

De�nition

Let V Ă R
n
be a subspa
e. The orthogonal 
omplement of V in

R
n
is VK

.

Example

Let V “ linpp1, 2qq Ă R
2

. Then VK “ linpp2,´1qq.



Properties

Proposition

Let v
1

, . . . , vk P R
n
. Then

linpv
1

, . . . , vkqK “ tv
1

, . . . , vkuK
.

Proof.

Set V “ linpv
1

, . . . , vkq. Assume w P VK
. Then, in parti
ular,

w ¨ vi “ 0, hen
e VK Ă tv
1

, . . . , vkuK
. If w ¨ vi “ 0 for

i “ 1, . . . , k then for any αi P R, i “ 1, . . . , k

w ¨ pα
1

v
1

` α
2

v
2

` . . . ` αkvkq “ α
1

pw ¨ v
1

q ` α
2

pw ¨ v
2

q ` . . . ` αkpw ¨ vkq “ 0.



Properties (
ontinued)

Proposition

Let V Ă R
n
, dimV “ k . Then dimVK “ n ´ k and V X VK “ 0.

Proof.

Let v
1

, . . . vk be a basis of V , where vi “ pai1, ai2, . . . , ainq. By the

above Proposition px
1

, . . . , xnq P VK
if and only if it is a solution of

the system of linear equations

$

’

’

’

&

’

’

’

%

a
11

x
1

` a
12

x
2

` . . . ` a
1nxn “ 0

a
21

x
1

` a
22

x
2

` . . . ` a
2nxn “ 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

ak1x1 ` ak2x2 ` . . . ` aknxn “ 0



Properties (
ontinued)

Proof.

The rank of the matrix

»

—

–

a
11

. . . a
1n

.

.

.

.

.

.

.

.

.

ak1 . . . akn

fi

ffi

fl
is equal to k , hen
e by

the Krone
ker-Capelli theorem the dimension of the set of solutions

is n ´ k . Moreover, if w P V X VK
then w ¨ w “ 0 hen
e

w “ 0.

Proposition

Let V Ă R
n
be a subspa
e. Then pVKqK “ V .

Proof.

By the above dimpVKqK “ n ´ dimVK “ n ´ pn ´ dimV q. Sin
e
V Ă pVKqK

and both have the same dimension they are equal.



Example

Let V Ă R
2

be subspa
e given by the linear equation

2x
1

` 3x
2

“ 0. Then V “ linpp´3, 2qq and VK “ linpp2, 3qq.
This 
an be generalized to

Proposition

Let V Ă R
n
be equal to the set of solutions of the system of linear

equations

$

’

’

’

&

’

’

’

%

a
11

x
1

` a
12

x
2

` . . . ` a
1nxn “ 0

a
21

x
1

` a
22

x
2

` . . . ` a
2nxn “ 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

ak1x1 ` ak2x2 ` . . . ` aknxn “ 0

Then

VK “ linppa
11

, a
12

, . . . , a
1nq, . . . , pak1, ak2, . . . , aknqq.



Proof.

Let vi “ pai1, ai2, . . . , ainq for i “ 1, . . . , k . Then

V “ tv
1

, v
2

, . . . , vkuK
.

Hen
e

VK “ ptv
1

, v
2

, . . . , vkuKqK “ plinpv
1

, v
2

, . . . , vkqKqK “

“ linpv
1

, v
2

, . . . , vkq.

Example

Let V Ă R
4

be equal to the set of solutions of the system

"

2x
1

` 3x
2

` 4x
3

` 6x
4

“ 0

x
1

´ 2x
2

` 5x
3

“ 0

Then VK “ linpp2, 3, 4, 6q, p1,´2, 5, 0qq.



Orthogonal Basis

De�nition

Let A “ pv
1

, . . . , vnq be a basis of R
n
. The basis A is said to be

orthogonal if vi K vj for i ‰ j and i , j “ 1, . . . , n. The basis A is

said to be orthonormal if it is orthogonal and }vi} “ 1 for

i “ 1, . . . , n, i.e. ea
h ve
tor is of length 1.

Examples

i) the standard basis ε
1

“ p1, 0, 0, . . . , 0q, ε
2

“
p0, 1, 0, . . . , 0q, . . . , εn “ p0, 0, 0, . . . , 1q of R

n
is orthonormal,

ii) the basis p´1, 2, 2q, p2,´1, 2q, p2, 2,´1q is an orthogonal basis

of R
3

(but not orthonormal),

iii) the basis p´1

3

,
2

3

,
2

3

q, p2
3

,´1

3

,
2

3

q, p2
3

,
2

3

,´1

3

q is an orthonormal

basis of R
3

.



Coordinates Relative to Orthonormal Basis

Proposition

Let v
1

, . . . , vk be an orthogonal basis of the subspa
e V Ă R
n
. For

any v P V

v “ v ¨ v
1

v
1

¨ v
1

v
1

` v ¨ v
2

v
2

¨ v
2

v
2

` . . . ` v ¨ vk
vk ¨ vk

vk .

Proof.

There exist unique αi P R su
h that v “ α
1

v
1

` . . . ` αkvk .

Therefore

v ¨ vi “ α
1

pv
1

¨ viq ` . . . `αi pvi ¨ viq ` . . . `αkpvk ¨ viq “ αi pvi ¨ vi q,

sin
e vi ¨ vj “ 0 for i ‰ j .



Existen
e of Orthogonal Basis

Example

The 
oordinates of the ve
tor p1, 1, 1q relative to the orthogonal

basis p´1, 2, 2q, p2,´1, 2q, p2, 2,´1q of R
3

are

1

3

,
1

3

,
1

3

sin
e

p1,1,1q¨p´1,2,2q
p´1,2,2q¨p´1,2,2q “ 1

3

,
p1,1,1q¨p2,´1,2q

p2,´1,2q¨p2,´1,2q “ 1

3

,
p1,1,1q¨p2,2,´1q

p2,2,´1q¨p2,2,´1q “ 1

3

, i.e.

p1, 1, 1q “ 1

3

p´1, 2, 2q ` 1

3

p2,´1, 2q ` 1

3

p2, 2,´1q.

Proposition

Any subspa
e V Ă R
n
has an orthogonal basis.

Proof.

A proof will be given later.



Example

Example

Let V Ă R
3

be given by the equation x
1

` x
2

` x
3

“ 0. We


ompute indu
tively an orthogonal basis of V by 
hoosing ve
tors

orthogonal to the previously 
hosen ones. Let v 1
1

“ p1, 0,´1q. To
�nd v 1

2

P V su
h that v 1
1

K v 1
2

solve

"

x
1

` x
2

` x
3

“ 0

x
1

´ x
3

“ 0

ðñ
"

2x
1

` x
2

“ 0

x
1

´ x
3

“ 0

ðñ x
2

“ ´2x
1

, x
3

“ x
1

. For example v 1
2

“ p1,´2, 1q. Sin
e
dimV “ 2 ve
tors v 1

1

, v 1
2

form an orthogonal basis of V . By taking

normalized ve
tors we get an orthonormal basis

1?
2

p1, 0,´1q, 1?
6

p1,´2, 1q of V .



Orthogonal De
omposition

Proposition

Let V Ă R
n
be a subspa
e. Then any ve
tor w P R

n

an be

written uniquely as

w “ v ` vK
where v P V , vK P VK

.

Proof.

Let v
1

, . . . , vk be a basis of V and let vk`1

, . . . , vn be a basis of

VK
. Then

α
1

v
1

` . . . ` αnvn “ 0 ðñ
"

α
1

v
1

` . . . ` αkvk “ 0

αk`1

vk`1

` . . . ` αnvn “ 0

ðñ

ðñ α
1

“ . . . “ αn “ 0,

hen
e B “ pv
1

, . . . , vnq is a basis of R
n
. This proves the existen
e

of a de
omposition.



Orthogonal De
omposition (
ontinued)

Proof.

If

w “ v ` vK “ u ` uK
,

where v , u P V , vK
, uK P VK

, then

v ´ u “ uK ´ vK P V X VK “ t0u.

Therefore

v “ u, vK “ uK
.



Orthogonal Proje
tion and Re�e
tion

De�nition

For any subspa
e V Ă R
n
the fun
tion PV : R

n Ñ R
n
de�ned by

PV pwq “ v , where w “ v ` vK
, v P V , vK P VK

,

is a linear transformation 
alled the orthogonal proje
tion on the

subspa
e V.

Note that with the above notation PVKpwq “ vK
, that is

w “ PV pwq ` PVKpwq.



Orthogonal Proje
tion and Re�e
tion (
ontinued)

De�nition

For any subspa
e V Ă R
n
the fun
tion SV : R

n Ñ R
n
de�ned by

SV pwq “ v ´ vK
, where w “ v ` vK

, v P V , vK P VK
,

is a linear transformation 
alled the orthogonal re�e
tion a
ross

the subspa
e V.

Note that

SV pwq “ PV pwq ´ PVKpwq “ 2PV pwq ´ w .



Properties

Example

Let V “ linpvq. Then PV pwq “ w ¨v
v ¨v v .

Proposition

i) PV pwq P V and pPv pwq “ w ðñ w P V q,
ii) let dpw ,V q “ mint}w ´ v} | v P V u be the distan
e between

the ve
tor w and the subspa
e V . Then PV pwq is the unique

ve
tor in V su
h that dpw ,V q “ }w ´ PV pwq},
iii) if v

1

, . . . , vk is an orthogonal basis of V then

PV pwq “ w ¨ v
1

v
1

¨ v
1

v
1

` w ¨ v
2

v
2

¨ v
2

v
2

` . . . ` w ¨ vk
vk ¨ vk

vk .



Properties (
ontinued)

Proof.

ii) re
all w “ PV pwq ` PVKpwq, then for any v P V , by the

Pythagorean theorem }w ´ v}2 “ }pPV pwq ´ vq ` PVKpwq}2 “
}PV pwq ´ v}2 ` }PVKpwq}2 ě }PVKpwq}2 so the minimum is

attained if v “ PV pwq.
iii) w ´ p w ¨v

1

v
1

¨v
1

v
1

` w ¨v
2

v
2

¨v
2

v
2

` . . . ` w ¨vk
vk ¨vk vkq P VK

.



Properties (
ontinued)

Proposition

Let V Ă R
n
be a subspa
e. Then

i) PV ˝ PV “ PV ,

ii) SV ˝ SV “ idRn
,

iii) PV ` PVK “ idRn
,

iv) SV “ ´SVK.

Example

Let V “ tpx
1

, x
2

, x
3

, x
4

q P R
4 | x

1

´ x
2

` 2x
3

´ 2x
4

“ 0u and

w “ p1, 0, 1,´1q. Compute PV pwq. By de�nition

VK “ linpp1,´1, 2,´2qq. Then
PVKpwq “ w ¨p1,´1,2,´2q

1

2`p´1q2`2

2`p´2q2 p1,´1, 2,´2q “ 1

2

p1,´1, 2,´2q.
Hen
e PV pwq “ w ´ PVKpwq “ p1

2

,
1

2

, 0, 0q.



Gram-S
hmidt pro
ess

Let v
1

, . . . , vk be a basis of the subspa
e V Ă R
n
. The

Gram-S
hmidt pro
ess is an indu
tive way of 
omputing an

orthogonal basis w
1

, . . . ,wk of V .

By indu
tion

i) for i “ 1 set

w
1

“ v
1

, W
1

“ linpw
1

q,
ii) for 1 ă i ď k set

wi “ vi ´ PWi´1

pvi q,

Wi “ linpw
1

, . . . ,wi q.



Gram-S
hmidt pro
ess (
ontinued)

Proposition (Gram-S
hmidt)

With notation as above for i “ 1, . . . , k

i) w
1

, . . . ,wi is an orthogonal basis of Wi ,

ii) Wi “ linpv
1

, . . . , vi q.

Sin
e Wk “ V ve
tors w
1

, . . . ,wk form an orthogonal basis of V .

The normalized ve
tors

w
1

}w
1

} , . . . ,
wk

}wk } form an orthonormal basis of

V .



Example

Let v
1

“ p1, 0, 0, 1q, v
2

“ p1, 1, 0, 0q, v
3

“ p0, 1, 1, 1q P R
4

. Then

w
1

“ v
1

, W
1

“ linpw
1

q,
w
1

“ p1, 0, 0, 1q,
w
2

“ v
2

´ PW
1

pv
2

q “ v
2

´ v
2

¨w
1

w
1

¨w
1

w
1

,

w
2

“ p1, 1, 0, 0q ´ 1

2

p1, 0, 0, 1q “ 1

2

p1, 2, 0,´1q, W
2

“ linpw
1

,w
2

q
w
3

“ v
3

´ PW
2

pv
3

q “ v
3

´ v
3

¨w
1

w
1

¨w
1

w
1

´ v
3

¨w
2

w
2

¨w
2

w
2

,

w
3

“ p0, 1, 1, 1q ´ 1

2

p1, 0, 0, 1q ´ 1

6

p1, 2, 0,´1q “
1

3

p´2, 2, 3, 2q,W
3

“ linpw
1

,w
2

,w
3

q.
Therefore p1, 0, 0, 1q, p1, 2, 0,´1q, p´2, 2, 3, 2q is an orthogonal

basis of V “ linpv
1

, v
2

, v
3

q. Moreover

1?
2

p1, 0, 0, 1q, 1?
6

p1, 2, 0,´1q, 1?
21

p´2, 2, 3, 2q is an orthonormal

basis of V .

Remark

Note that

w ¨v
v ¨v v “ w ¨pαvq

pαvq¨pαvq pαvq.


