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Diagonal Matrix

De�nition

The matrix A “ raij s P Mpn ˆ n;Rq is alled diagonal if aij “ 0 for

any i ‰ j , i.e.

A “

»

—

–

a
11

0

.

.

.

0 ann

fi

ffi

fl
.

Example

The matries

»

–

1 0 0

0 2 0

0 0 3

fi

fl ,

»

—

—

–

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 ´2

fi

ffi

ffi

fl

are diagonal.



Diagonal Matrix of Linear Endomorphism

Proposition

Let ϕ : V ÝÑ V be an endomorphism of vetor spae V and let

A “ pv
1

, . . . , vnq be an ordered basis of V . Then MpϕqA “ raijs is

diagonal if and only if vi is an eigenvetor of ϕ. Moreover, in suh

ase eigenvetor vi is assoiated to the eigenvalue aii , i.e.

ϕpvi q “ aiivi .

Proof.

pðq Assume eah vi is an eigenvetor of ϕ assoiated to eigenvalue

αi . Then

ϕpvi q “ αivi “ 0v
1

` 0v
2

` . . . ` 0vi´1

` αivi ` 0vi`1

` . . . ` 0vn,

i.e. in the i -th olumn of the matrix MpϕqA there is αi in the i -th

row and 0

1s elsewhere.

pñq similar to the above



Example

Let ϕ : R2 ÝÑ R
2

be given by

ϕppx
1

, x
2

qq “ p8x
1

` 10x
2

,´3x
1

´ 3x
2

q. Then

Mpϕqst “

„

8 10

´3 ´3



, wϕpλq “ det

„

8 ´ λ 10

´3 ´3 ´ λ



,

The harateristi polynomial is

wϕpλq “ p8 ´ λqp´3 ´ λq ` 30 “ λ2 ´ 5λ ` 6 “ pλ ´ 2qpλ ´ 3q.
There are two eigenvalues λ

1

“ 2, λ
2

“ 3. In order to get

orresponding eigenspaes solve

Vp2q :

„

6 10

´3 ´5

 „

x
1

x
2



“

„

0

0



ðñ x
1

“ ´
5

3

x
2

,

i.e. Vp2q “ tp´5

3

x
2

, x
2

q P R
2 | x

2

P Ru “ linpp´5, 3qq

Vp3q :

„

5 10

´3 ´6

 „

x
1

x
2



“

„

0

0



ðñ x
1

“ ´2x
2

,

i.e. Vp3q “ tp´2x
2

, x
2

q P R
2 | x

2

P Ru “ linpp´2, 1qq



Example (ontinued)

Reall, ϕppx
1

, x
2

qq “ p8x
1

` 10x
2

,´3x
1

´ 3x
2

q.
The basis A “ pp´5, 3q, p´2, 1qq of R

2

onsists of eigenvetors and

MpϕqA “

„

2 0

0 3



,

sine

ϕpp´5, 3qq “ 2p´5, 3q ` 0p´2, 1q,

ϕpp´2, 1qq “ 0p´5, 3q ` 3p´2, 1q.



Eigenvetors for Di�erent Eigenvalues

Theorem

Let α
1

, . . . , αk P R be pairwise distint eigenvalues of the linear

endomorphism ϕ : V ÝÑ V . Let Ai Ă Vpαi q be a �nite set of

linearly independent eigenvetors of ϕ assoiated to αi for

i “ 1, . . . , k . Then A “ A
1

Y . . . Y Ak is a set of linearly

independent vetors.

Proof.

For simpliity we assume that Ai “ tviu, i.e. eah set Ai ontains

one vetor. Assume γ
1

v
1

` γ
2

v
2

` . . . ` γkvk “ 0. By applying ϕ

to both sides we get α
1

γ
1

v
1

` α
2

γ
2

v
2

` . . . ` αkγkvk “ 0.

Repeating this proedure we get a system of linear equations:

U :

$

’

’

’

’

’

&

’

’

’

’

’

%

γ
1

v
1

` γ
2

v
2

` . . . ` γkvk “ 0

α
1

γ
1

v
1

` α
2

γ
2

v
2

` . . . ` αkγkvk “ 0

α2

1

γ
1

v
1

` α2

2

γ
2

v
2

` . . . ` α2

kγkvk “ 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

αk´1

1

γ
1

v
1

` αk´1

2

γ
2

v
2

` . . . ` αk´1

k γkvk “ 0



Vandermonde Determinant

One an hek that the Vandermonde determinant

det

»

—

—

—

—

—

–

1 1 1 . . . 1

α
1

α
2

α
3

. . . αk

α2

1

α2

2

α2

3

. . . α2

k
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

αk´1

1

αk´1

2

αk´1

3

. . . αk´1

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“
ź

1ďiăjďk

pαj ´ αiq

is non-zero and hene the system U an be brought by elementary

row operations to a redued ehelon form

U :

$

’

’

’

&

’

’

’

%

γ
1

v
1

“ 0

γ
2

v
2

“ 0

.

.

.

.

.

.

γkvk “ 0



Basis Consisting of Eigenvetor

Whih implies that γ
1

“ γ
2

“ . . . “ γk “ 0 sine all vetors vi are

non-zero. In the general ase one an argue in a similar way.

Corollary

Let V be a �nite dimensional vetor spae. Let α
1

, . . . , αk P R be

pairwise distint eigenvalues of the linear endomorphism

ϕ : V ÝÑ V . Then

i) if v
1

, . . . , vk P V and ϕpvi q “ αivi for i “ 1, . . . , k then the

vetors v
1

, . . . , vk are linearly independent,

ii) dimVpα
1

q ` dimVpα
2

q ` . . . ` dimVpαk q ď dimV ,

iii) dimVpα
1

q ` dimVpα
2

q ` . . . ` dimVpαk q “ dimV ðñ there

exist a basis of V onsisting of eigenvetors of ϕ ðñ the

matrix of ϕ relative to some basis of V is diagonal.

In the part iii) of the orollary the basis of V onsists of the union

of bases of Vpαi q for i “ 1, . . . , k .



Example

Let ϕ : R3 ÝÑ R
3

be given by

ϕppx
1

, x
2

, x
3

qq “ p2x
1

´ 2x
2

` x
3

, 2x
2

` x
3

, 4x
3

q. Then

Mpϕqst “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl , wϕpλq “ p2 ´ λq2p4 ´ λq.

The eigenvalues of ϕ are 2 and 4.

Vp2q :

»

–

0 ´2 1

0 0 1

0 0 2

fi

fl

»

–

x
1

x
2

x
3

fi

fl “

»

–

0

0

0

fi

fl ðñ x
2

“ x
3

“ 0,

Vp2q “ tpx
1

, 0, 0q P R
3 | x

1

P Ru “ linpp1, 0, 0qq

Vp4q :

»

–

´2 ´2 1

0 ´2 1

0 0 0

fi

fl

»

–

x
1

x
2

x
3

fi

fl “

»

–

0

0

0

fi

fl ðñ x
1

“ 0 and x
3

“ 2x
2

,

Vp4q “ tp0, x
2

, 2x
2

q P R
3 | x

2

P Ru “ linpp0, 1, 2qq



Example (ontinued)

Vp2q “ tpx
1

, 0, 0q P R
3 | x

1

P Ru “ linpp1, 0, 0qq

Vp4q “ tp0, x
2

, 2x
2

q P R
3 | x

2

P Ru “ linpp0, 1, 2qq

dimVp2q ` dimVp4q “ 1 ` 1 ă 3 “ dimR
3

, therefore there is no

basis of R
3

suh that matrix of ϕ relative to it is diagonal.



Diagonalizable Matrix

Corollary

Let V be a �nite dimensional vetor spae and let dimV “ n. If

the endomorphism ϕ : V ÝÑ V has n pairwise distint eigenvalues

then there exists a basis of V onsisting of eigenvetors.

De�nition

Let A P Mpn ˆ n;Rq. We say the matrix A is diagonalizable if it is

similar to a diagonal matrix, that is there exists an invertible matrix

C P Mpn ˆ n;Rq suh that the matrix C´1AC is diagonal.

Proposition

Matrix A P Mpn ˆ n;Rq is diagonalizable ðñ there exists a basis

of R
n
onsisting of eigenvetors of the endomorphism

ϕ : Rn ÝÑ R
n
given by the ondition Mpϕqst “ A.

Moreover, if A is suh basis and C “ Mpidqst
A

then the matrix

C´1AC is diagonal.



Example

Matrix A “

„

8 10

´3 ´3



is diagonalizable. Endomorphism

ϕppx
1

, x
2

qq “ p8x
1

` 10x
2

,´3x
1

´ 3x
2

q has two eigenvalues 2 and

3. We have omputed Vp2q “ linpp´5, 3qq and Vp3q “ linpp´2, 1qq.
Set A “ pp´5, 3q, p´2, 1qq and C “ Mpidqst

A
.

D “

„

2 0

0 3



“ MpϕqA “ MpidqAstMpϕqststMpidqstA

C “

„

´5 ´2

3 1



, C´1 “

„

1 2

´3 ´5





Example (ontinued)

Matrix A “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl

is not diagonalizable. There is no basis

of R
3

onsisting of eigenvalues of the endomorphism

ϕppx
1

, x
2

, x
3

qq “ p2x
1

´ 2x
2

` x
3

, 2x
2

` x
3

, 4x
3

q.



Appliation

Proposition

Let A “

»

—

–

a
11

0

.

.

.

0 ann

fi

ffi

fl
be a diagonal matrix. Then

Am “

»

—

–

am
11

0

.

.

.

0 amnn

fi

ffi

fl
for any m P Z.

Remark

Note that this, in general, does not hold for non�diagonal

matries, for example

„

1 1

0 1



2

“

„

1 2

0 1



and 1

2 ‰ 2.



Appliation (ontinued)

Let A “

„

8 10

´3 ´3



. Compute An. Reall D “ C´1AC hene

A “ CDC´1

. Therefore An “ CDnC´1

.

An “

„

´5 ´2

3 1

 „

2

n
0

0 3

n

 „

1 2

´3 ´5



“

“

„

´5 ¨ 2n ` 2 ¨ 3n`1 ´5 ¨ 2n`1 ` 10 ¨ 3n`1

3 ¨ 2n ´ 3

n`1

3 ¨ 2n`1 ´ 5 ¨ 3n`1



.



Symmetri Matrix and Minimal Polynomial

De�nition

Matrix A P Mpn ˆ n;Rq is alled symmetri if A⊺ “ A.

Proposition

Let A P Mpn ˆ n;Rq be a symmetri matrix. Then A is

diagonalizable.

Moreover there exists an orthogonal basis of R
n
onsisting of

eigenvetors of the endomorphism Mpϕqst “ A, i.e. vetors of it

are pairwise perpendiular.

De�nition

Let A P Mpn ˆ n;Rq. The minimal polynomial µA of the matrix A

is a non-zero moni polynomial with real oe�ients of the least

degree suh that µApAq “ 0.

The minimal polynomial of A divides the harateristi polynomial

of A, i.e. µA | wA.



Example

Let A “

„

8 10

´3 ´3



. Then wApλq “ pλ ´ 2qpλ ´ 3q and the only

moni divisors of wA are wA, λ ´ 2, λ ´ 3 and 1. Sine A is not a

diagonal matrix then µA “ wA.

Let B “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl

. Then wBpλq “ p2 ´ λq2p4 ´ λq. Then

only moni divisors of wB are ´wB , pλ ´ 2q2, λ ´ 2, pλ ´ 2qpλ ´ 4q,
λ ´ 4 and 1. It an be heked that µB “ ´wB .



Criterion for Diagonalizability

Theorem

Let A P Mpn ˆ n;Rq. Matrix A is diagonalizable if and only if the

minimal polynomial fators as follows

µApλq “ pλ ´ α
1

qpλ ´ α
2

q . . . pλ ´ αkq,

where αi P R and αi ‰ αj , i.e. αi are pairwise distint.

A “

„

8 10

´3 ´3



, B “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl

µApλq “ pλ ´ 2qpλ ´ 3q,

µBpλq “ pλ ´ 2q2pλ ´ 4q.

Matrix A is diagonalizable and matrix B is not diagonalizable.



Minimal Polynomials of Similar Matries

Proposition

Let A,B P Mpn ˆ n;Rq be similar matries. Then µA “ µB .

Remark

Note that non-similar matries an have the same minimal

polynomials. For example

A “

»

–

1 0 0

0 2 0

0 0 2

fi

fl , B “

»

–

1 0 0

0 1 0

0 0 2

fi

fl ,

have the same minimal polynomial

µApλq “ µBpλq “ pλ ´ 1qpλ ´ 2q

but A and B are not similar.


