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Affine Space

Definition
Let V < R" be a subspace and let p € R". An affine space
passing through p and parallel to V is the set

E=p+V={p+v|veV}

The associated vector space of E is called the direction of E and is
denoted E = V. Elements of E are called points and the
dimension of E is defined to be the dimension of V/, i.e.

dmE =dimV.
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Affine Space

Definition
Let V < R" be a subspace and let p € R". An affine space
passing through p and parallel to V is the set

E=p+V={p+v|veV}

The associated vector space of E is called the direction of E and is
denoted E = V. Elements of E are called points and the
dimension of E is defined to be the dimension of V, i.e.

dmE =dimV.

Note that there is no distinguished point in an affine space and any
affine space E is invariant under translations by vectors from E.

Example
Let p = (1,—1) and V =1in((2,3)) = R2. Then

E=p+V={1+2t,-1+3t)eR?|teR}.



The 0-dimensional affine spaces are called points, the 1-dimensional
affine spaces are called lines, the 2-dimensional affine spaces are
planes.
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head at g will be denoted pg. It is uniquely defined by the property
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The 0-dimensional affine spaces are called points, the 1-dimensional
affine spaces are called lines, the 2-dimensional affine spaces are
planes.

Definition

For any two points p, g € R" the unique vector with tail at p and
head at g will be denoted pg. It is uniquely defined by the property
p+pg=gq,ie pg=q—p.

When dealing with abstract affine spaces one cannot
"subtract" points.

Example
Let p = (17171)7q = (17273) Then p—q> =q—p= (07172)

Remark
Note that if p,q€ E then p+ V = q+ V. Since g = p + pg then
g+V=p+pg+V=p+V.
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Affine Combination

Definition

Let po, ..., pk € R" be points. For any a; € R such that

Zf:o a; = 1 the point Zf'(:o aip; is called the affine combination
of po,..., P«

Proposition

Let E = p+ V be an affine space in R". Then any affine
combination of py, ..., px € E belongs to E.

Proof.

Let p; = p+ v;, where vie V for i =0,..., k. Then
Zf;o ajpi = p + Zf;o ajvi e E. [l



Affine Span

Definition
Let pg, ..., px € R". The affine span of py,...,p is

k k
af(p0>"' 7pk) = {Z ajp; € R" | Zai = ]_}’
i=0 i=0

the set of all affine combinations of pg, ..., px. It is the smallest
affine space in R" containing pg, . .., pk-



Affine Span

Definition
Let pg, ..., px € R". The affine span of py,...,p is

k k
af(pO)"' 7pk) = {Z ajp; € R" | Zai = ]_}’
i=0 i=0

the set of all affine combinations of pg, ..., px. It is the smallest
affine space in R" containing pg, . .., pk-
Proposition

Let pg,...,px € R". Then

af(po, ..., px) = po + lin(popi, - - ., PoPk)-



Proof.
Let Zf'(:o ai=1. Then Zf:o aipi = po + Zf'(:o ai(pi — po) =
po + Yo aiPoP; € po + lin(Bopi, - - - , Pobik)-
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Let Zf'(:o aj = 1. Then Zf'(:o ajpi = po + Zf'(:o ai(pi — po) =
po + %o aipop; € po + lin(Bopi, - - - , PoPR)-

Assume p = py + Zf-;l ajpopk- Then

p=(1- Zf';l @j)po + Zf';l Qi Pk- O

Example

af((1,1,1),(1,2,3),(3,2,1)) = (1,1,1) + 1in((0,1,2),(2,1,0))).



Proof.

Let Zf'(:o aj = 1. Then Zf'(:o ajpi = po + Zf'(:o ai(pi — po) =
po + %o aipop; € po + lin(Bopi, - - - , PoPR)-

Assume p = py + Zf-;l ajpopk- Then

p=(1- Zf';l @j)po + Zf';l Qi Pk- O

Example

af((1,1,1),(1,2,3),(3,2,1)) = (1,1,1) + 1in((0,1,2),(2,1,0))).

Let po = (1,1,1),p1 = (1,2,3),p2 = (3,2,1). Then



Proof.

Let Zf'(:o aj = 1. Then Zf'(:o ajpi = po + Zf'(:o ai(pi — po) =
po + %o aipop; € po + lin(Bopi, - - - , PoPR)-

Assume p = py + Zf-;l ajpopk- Then

p=(1- Zf'(:1 @j)po + Zf'(:1 Qi Pk-

Example

af((1,1,1),(1,2,3),(3,2,1)) = (1,1,1) + 1in((0,1,2),(2,1,0))).
Let po = (1,1,1),p1 = (1,2,3),p2 = (3,2,1). Then
ITPl) = (0>172)7

Pop2 = (2> 1, 0)



Parametrization

Definition

Let E = p +lin(vy,...,vk) < R” where vectors vy, ..., v are
linearly independent. Then any point g € E can be uniquely written
as

k

q=p-+ Z tivj.
i=1

Any such presentation of E is called a parametrization.



Parametrization

Definition

Let E = p +lin(vy,...,vk) < R” where vectors vy, ..., v are
linearly independent. Then any point g € E can be uniquely written
as

k

q=p-+ Z tivj.
i=1

Any such presentation of E is called a parametrization.

Example

E =(1,1,1) +lin((0,1,2), (2, 1,0))
=(1,2,3) +1in((0,1,2), (1,1,1))

that is (1 4+ 2tp,1 + t; + tp,1 + 2t1), t1,tp € R and
(1+ t, 24+ t; + tp,34+ 2t + t), t1,t2 € R are two different
parametrizations of E.
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Definition
Two affine spaces E, H in R" are called parallel if E =H.

Proposition

Any affine space E in R" is equal to a set of solutions of a system
of linear equations in n variables.

Proof.

There exists a homogeneous system of linear equations describing
—
the vector space E

ailxy + apxe + ... + aipxp =0
_ aixy + apxp + ... + ayxp, =0

amXx1 + ampxe + ... + amnxp =0



Proof.
Lethp—i—?. If p=(y1,...,yn) set

by = auyr + awy: + +  ainyn
by = axny1 + axny: + +  anyn
bm= amyr + amay2 + +  amnyn



Proof.

Let E=p+?. If p=(y1,...,yn) set
b= auyn + any: + ... + Ay
b= anyr + axny: + ... + any
bm = amyr + amy2 + +  amnYyn
Then the affine space E is described by
aiixy + apxe + ... 4+ aipxn =b;
anxy + amp»x + ... +

anXn = b2

amiX1 + am2XxX2 + + amnXp = bm



Proof.

Let E=p+?. If p=(y1,...,yn) set
by = auyn + a2 + ... + awyn
b= anyi + axy2 + ... + anyn
bm = amyr + amy2 + +  amnyn
Then the affine space E is described by
ailxy + apxe + ... 4+ ainxn =b
ar1xy + a»pxy + + aommxp = b
amiX1 + amexe + + amnXn = bm
O
The constants by, ..., b, do not depend on the point p € E since

any two points in E differ by a vector from E.
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Example

Describe by a system of linear equations an affine space E parallel
to V = {(x1,x2,x3) € R3 | x; + x2 + x3 = 0} passing through
p=1(2,3,4).
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Examples

Example
Describe by a system of linear equations an affine space E parallel
to V = {(x1,x2,x3) € R3 | x; + x2 + x3 = 0} passing through
p=1(2,3,4).

E:xi+x+x3=0.

Example

Describe by a system of linear equations the affine space
E = p+ V in R* where

p = (1? 172? 1)? V = Iln((]'? 1?37 0)7 (170? 170)7 (0? 1?27 0))'

Vectors (1,0,1,0),(0,1,2,0) form a basis of V. Therefore V is
described by the system of equations

V- {Xl + 2x — X3 =0
X4 =0



Examples (continued)

Example
Recall E = (1,1,2,1) + V. Therefore

E- {Xl + 2x — X3 =1
X4 =1

Definition
For any p, g € R" the distance between p and g is |pg|. It is
denoted d(p, q).
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Example
Recall E = (1,1,2,1) + V. Therefore

E- {Xl + 2x — X3 =1
X4 =1

Definition
For any p, g € R" the distance between p and g is |pg|. It is
denoted d(p, q).

It has the following properties:
i) d(p,q) =0and (d(p,q) =0 < p=q),
i) d(p,q) = d(q,p) (symmetry),
iii) d(p,r) < d(p,q) +d(q,r) (triangle inequality).



Examples (continued)

Example
Recall E = (1,1,2,1) + V. Therefore

E- {Xl + 2x — X3 =1
X4 =1

Definition
For any p, g € R" the distance between p and g is |pg|. It is
denoted d(p, q).

It has the following properties:
i) d(p,q) =0and (d(p,q) =0 < p=q),
i) d(p,q) = d(q,p) (symmetry),
i) d(p,r) <d(p,q)+ d(q,r) (triangle inequality).
The affine space R"” equipped with a function satisfying above
properties (called metric) becomes a metric space.
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Definition
Let E c R",H < R™ be two affine spaces. A function f: E— H
satisfying the condition

f(p+a)=f(p) +f(a)

. . =14 - .
for some p € E and some linear transformation f': E — H is
called an affine transformation.



Affine Transformation

Definition
Let E, H — R" be two affine spaces, We say that E, H are
orthogonal if v L w for every v € E we H.

Definition
Let E c R",H < R™ be two affine spaces. A function f: E— H
satisfying the condition

f(p+a)=f(p) +f(a)

for some p € E and some linear transformation f’: E—His
called an affine transformation.

If ge E then f(g+a)=f(p+pG+a)="~(p)+f(pg§) + f'(a) =
= f(q) + f'(«) therefore the condition in the definition holds for
any pe E.



Properties

Proposition
Let E, H be two affine spaces. Then f: E — H is an affine
transformation if and only if

k

K
F(, aipi) = Y, aif (pi),
0 i=0

=

for any p; € E and a; € R such that Zf'(:o ai = 1.



Properties

Proposition
Let E, H be two affine spaces. Then f: E — H is an affine
transformation if and only if

k

K
(D, aipi) = ), aif(pi)
i=0

for any p; € E and a; € R such that Zf'(:o ai = 1.
Proof.

Assume that f is an affine transformation. Then
F(Ot g aipi) = f(po + D5 oa,pop,) = f(po) + D5 g aif (PoP;) =
F(po) + Xi_o ai(F(po) F(pi)) = 2i_g aif (pi).



Properties

Proposition
Let E, H be two affine spaces. Then f: E — H is an affine
transformation if and only if

k

K
(D, aipi) = ), aif(pi)
i=0

for any p; € E and a; € R such that Zf'(:o ai = 1.
Proof.

Assume that f is an affine transformation. Then
F( g aipi) = fpo + 2 oa,pop,) = f(po) + D5 g aif (PoP;) =
F(po) + ko ai(F(po) F(pi)) = 2o aif (pi).

We omit the proof of the other direction



Properties

Remark
Any affine transformation f: R" — R™ can be written as

f((X17X2,... ,Xn)) = (311X1 + aipXo + ...+ aipXp + bl,...

amiX1 + ameXx2 + ...+ @mnXn + bm)a

where ajj, b € R. The linear transformation f' has matrix

all ... din
M(F')3 =

dmi --- dmn

in standard bases.



Properties

Remark
Any affine transformation f: R" — R™ can be written as

f((X17X2,... ,Xn)) = (311X1 + aipXo + ...+ aipXp + bl,...

amiX1 + ameXx2 + ...+ @mnXn + bm)a

where ajj, b € R. The linear transformation f' has matrix

all ... din
MI(F)3 =
dmi --- dmn
in standard bases.
Proof.
Choose p = (0,...,0) so
fF((x1y..yxn)) = F((0,...,0)) + F((x1,--.,%n))-



Affine Orthogonal Projection and Reflection

Definition
Let E — R" be an affine space and let py € E. The affine
transformation g : R” — R” defined by

me(p) = me(po + Pob) = po + P2 (PoP);

where P? is the (linear) orthogonal projection on E, is called an

(affine) orthogonal projection on E.



Affine Orthogonal Projection and Reflection

Definition
Let E — R" be an affine space and let py € E. The affine
transformation g : R” — R” defined by

me(p) = me(po + Pob) = po + P2 (PoP);

where P? is the (linear) orthogonal projection on E, is called an

(affine) orthogonal projection on E.
The transformation og : R" — R" defined by

oe(p) = oe(po + Pop) = po + Sf(W?),

where 5—E> is the (linear) orthogonal reflection about E, is called

an (affine) orthogonal reflection about E.



Orthogonal Projection

—1

po+ E

P (pop) _, I
Pop = P?(POP) + P?(POP)

Po




Orthogonal Projection

—1

po+ E

P (Pop)

Po




Orthogonal Reflection

—1

po+ E

P (pop) _, I
Pop = P?(POP) + P?(POP)

Po




Orthogonal Reflection

—1

po+ E

P (Pop)

Po

—P= (pop)




Orthogonal Reflection

—1

po+ E

P (Pop)

- — 1l (=
Pop = P?(POP) + P?(POP)
Po

—

Sg (PoP)=Pg (Pop)~ Pz (PoP)

—PL, (pop o N
(PoP) 7e(p)= po+ S (PoP)




Example

Let po = (1,1,1),p1 = (1,2,3). Let E = af(pp, p1) be an affine
line. Compute orthogonal projection of p = (2,0,1) on E.

pop = (2,0,1) — (1,1,1) = (1,-1,0), E = lin((0,1,2)),
The linear projection of pgp on Eis

(1,-1,0)-(0,1,2)

Prrrz OhY=

(0,1,2).

P2 (op) = -2

Therefore mg(p) = (1,1,1) — %(0, 1,2) = %(5,47 3).



Intersection of Affine Spaces

Proposition

Let E=p+ V,H=q+ W c R" be two affine spaces. Then
either EnH= & orpgpe En H and

EnH=py+ (VW)



Intersection of Affine Spaces

Proposition
Let E=p+ V,H=q+ W c R" be two affine spaces. Then
either EnH= & orpgpe En H and

EnH=py+ (VW)

Proof.
If poe En Hthen E=py+ V and H=py+ W.



Intersection of Affine Spaces

Proposition
Let E=p+ V,H=q+ W c R" be two affine spaces. Then
either EnH= & orpgpe En H and

EnH=py+ (VW)

Proof.
If poe En Hthen E=py+ V and H=py+ W.

Proposition
Let E=p+ V,H=q+ W c R" be two affine spaces. Then
E nH# & ifand only if

pGg=v+w, whereve V,we W.



Intersection of Affine Spaces (continued)

Proof.
Assume pg = v + w as above. Then g — w € H and
g—w=p+pj—w=p+veE.



Intersection of Affine Spaces (continued)

Proof.
Assume pg = v + w as above. Then g — w € H and
g—w=p+pGg—w=p+veE. Assume that pg € E n H. Then

Pg = ppg + Pod where ppg € V and pog € W. O



Projection as Intersection

Proposition
Let V < R" be a vector space. For any p,q € R" the affine spaces
p+ V and g + V= intersect in exactly one point.



Projection as Intersection

Proposition

Let V < R" be a vector space. For any p,q € R" the affine spaces
p+ V and g + V= intersect in exactly one point.

Proof.

By the previous lecture pg = Py(pg) + Py (pg) and
V Vi ={0}. O



Projection as Intersection

Proposition
Let V < R" be a vector space. For any p,q € R" the affine spaces
p+ V and g + V= intersect in exactly one point.

Proof.

By the previous lecture pg = Py(pg) + Py (pg) and
V Vi ={0}. O

Proposition

Let E — R" be an affine space and let py € E. Then for any p € R"
. — —1 . . .

the affine spaces py + E and p+ E  intersect exactly in the point

Te(p).-



Projection as Intersection

Proposition
Let V < R" be a vector space. For any p,q € R" the affine spaces
p+ V and g + V= intersect in exactly one point.

Proof.

By the previous lecture pg = Py(pg) + Py (pg) and
V Vi ={0}. O

Proposition

Let E — R" be an affine space and let py € E. Then for any p € R"
. =1 —1 . . .

the affine spaces py + E and p + E  intersect exactly in the point

7TE(p).

Proof.

We know pop = Py (pop) + PyL(pop). As in the previous proof the

only point of the intersection is equal to py + Py (pop). This is
equal to mg(p) by definition. O



Orthogonal Projection (again)

viPoP 7e(p)= po+Pv(pop)




Orthogonal Projection (again)

p+ Vi

7e(p)= po+Pv(Pop)

(po+ V) (p+ V5 =7c(p)




Example

Let po = (1,1,1),p1 = (1,2,3). Let E = af(po, p1) be an affine
line. Compute orthogonal projection of p = (2,0,1) on E.



Example

Let po = (1,1,1),p1 = (1,2,3). Let E = af(po, p1) be an affine
line. Compute orthogonal projection of p = (2,0,1) on E. We

. . . L .
compute the intersection of E = pg + E with p+ E . The line E
is parameterized as follows

E=1{(1,1,1) + t(0,1,2) | t € R}.



Example

Let po = (1,1,1),p1 = (1,2,3). Let E = af(po, p1) be an affine
line. Compute orthogonal projection of p = (2,0,1) on E. We
compute the intersection of E = pg + E with p+ ?l. The line E
is parameterized as follows

E=1{(1,1,1) + t(0,1,2) | t € R}.

The orthogonal complement to E is two-dimensional hence given
by a single equation x» + 2x3 = 0. The point p satisfies the

. 1. .
equation, therefore p + E is described by xo + 2x3 = 2. By
substituting the parametrization to the equation we get

(1+t)+2(1+2t)=2:>t=—§.

Hence mg(2,0,1) = (1,1,1) — £(0,1,2) = £(5,4,3).



Example

Find a formula of a orthogonal projection onto the affine space

E = af((1,1,1,1),(1,0,1,0),(1,1,0,0)) = R* The space E can
be written as £ = (1,1,1,1) + lin((0,1,0,1),(0,0,1,1)). We need
to find an orthogonal basis of E. Set

vi = (0,1,0,1),v» = (0,0,1,1). Then

wp =vi = (0,1,0, 1)7

Vo - W1

Wy = v — W1=(0,0,1,1)—

1 1
-(0,1,0,1) = =(0,—-1,2,1).
Wy - wy 2(07 707 ) 2(07 P )



Example

Find a formula of a orthogonal projection onto the affine space

E = af((1,1,1,1),(1,0,1,0),(1,1,0,0)) = R* The space E can
be written as £ = (1,1,1,1) + lin((0,1,0,1),(0,0,1,1)). We need
to find an orthogonal basis of E. Set

vi = (0,1,0,1),v» = (0,0,1,1). Then

wp =vi = (0,1,0, 1)7

Vo - W1

Wy = v — W1=(0,0,1,1)—

1
wi - W1 2
The vectors (0,1,0,1), (0,—1,2,1) form an orthogonal basis of E.
Recall me(p) = po + P?(W) therefore

1
(0,1,0,1) = 5(0,—1,2, 1).



Example

Find a formula of a orthogonal projection onto the affine space

E = af((1,1,1,1),(1,0,1,0),(1,1,0,0)) = R* The space E can
be written as £ = (1,1,1,1) + lin((0,1,0,1),(0,0,1,1)). We need
to find an orthogonal basis of E. Set

vi = (0,1,0,1),v» = (0,0,1,1). Then

wp =vi = (0,1,0, 1)7

Vo - W1

Wy = v — W1=(0,0,1,1)—

1
wi - W1 2
The vectors (0,1,0,1), (0,—1,2,1) form an orthogonal basis of E.
Recall me(p) = po + P?(W) therefore

1
(0,1,0,1) = 5(0,—1,2, 1).

TE(X1, X2, X3, X4) = (1,1,1,1)+P?(X1 —1x—1x3—1,x—1) =

—xp +2x3 + x4 — 2
6

Xp + X4 — 2

= (171>171)+ (0¢170>1)+

(0> -1,2, 1) =



Example (continued)

7TE(X1,X2,X3,X4) = (1,1,1,1)+P?(X1 —1,X2—1,X3—1,X4—1) =

-2 — 2 -2
— (1,1, 2 S (0,1,0,1)+ 2R 20,1 0.1) -
_(1 2% —x3+x3+1 —x0+2x3+x4+1
- ) 3 ) 3 9

Xp+x3+2x4 — 1
3

).



