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Sum and Scalar Multiplication

Proposition

Let V ,W be vector spaces. Let ϕ,ψ : V ÝÑ W be linear
transformations and let α P R. The transformation
ϕ ` ψ : V ÝÑ W , defined by pϕ ` ψqpvq “ ϕpvq ` ψpvq for
v P V , and the transformation αϕ defined by pαϕqpvq “ αϕpvq
are linear. The transformation ϕ` ψ is called a sum of ϕ and ψ
and αϕ is called a product of the transformation ϕ with scalar α.

Example

Let ϕ,ψ : R3 ÝÑ R
2 are given by

ϕppx1, x2, x3qq “ px1 ` 2x2 ´ x3, x1 ` 2x2 ` x3q and
ψppx1, x2, x3qq “ p´x1 ` x2 ` x3, 3x1 ´ 2x2 ` x3q. Fix α “ 2. Then
pϕ ` ψqppx1, x2, x3qq “ p3x2, 4x1 ` 2x3q and
p2ϕqppx1, x2, x3qq “ p2x1 ` 4x2 ´ 2x3, 2x1 ` 4x2 ` 2x3q.



Composition

Proposition

Let U,V ,W be vectors spaces and let ϕ : U ÝÑ V , ψ : V ÝÑ W
be linear transformations. The transformation ψ ˝ ϕ : U ÝÑ W ,

defined by pψ ˝ ϕqpvq “ ψpϕpvqqq for v P U, is linear. It is called
the composition of ψ with ϕ.



Example

Let ϕ : R3 ÝÑ R
2 and ψ : R2 ÝÑ R

2 be linear transformations
given by ϕppx1, x2, x3qq “ px1 ´ x2 ` 2x3,´x1 ` 3x2 ´ x3q and
ψppy1, y2qq “ py1 ´ y2, y1 ` 2y2qq. Then
pψ ˝ ϕqppx1, x2, x3qq “ ψppx1 ´ x2 ` 2x3,´x1 ` 3x2 ´ x3qq “
ppx1´x2`2x3q´p´x1`3x2´x3q, px1´x2`2x3q`2p´x1`3x2´x3qq “
p2x1 ´ 4x2 ` 3x3,´x1 ` 5x2q.



Operation on Matrices

Definition
Let A,B P Mpm ˆ n;Rq, α P R, A “ raijs,B “ rbij s. The sum of
matrices A and B is matrix A ` B “ raij ` bij s. The product of
matrix A by scalar α is the matrix αA “ rαaij s.

Example

Let α “ 2 and let A,B “ Mp2 ˆ 3;Rq be given by

A “

„

1 2 ´1
0 1 0



, B “

„

´1 3 2
1 0 1



.

Then

A ` B “

„

0 5 1
1 1 1



, αA “

„

2 4 ´2
0 2 0



.



Matrix Multiplication

Definition
Let A P Mpm ˆ n;Rq and let B P Mpn ˆ l ;Rq. The matrix

product of A by B is a matrix AB “ rcij s P Mpm ˆ l ;Rq where
cij “

řn
s“1

aisbsj “ ai1b1j ` ai2b2j ` . . . ` ainbnj for i “ 1, . . . ,m
and j “ 1, . . . , l .

In particular, if Ri “
“

ai1 ai2 . . . ain

‰

P Mp1 ˆ n;Rq is the

i´th row of matrix A and Cj “

»

—

—

—

–

b1j

b2j

...
bnj

fi

ffi

ffi

ffi

fl

P Mpn ˆ 1;Rq is the j´th

column of matrix B then RiCj “
“

ai1b1j ` . . . ` ainbnj

‰

is a
1 ˆ 1 matrix which can be identified with a real number.



Matrix Multiplication (continued)

Using this identification we can write

AB “

»

—

—

—

–

R1C1 R1C2 . . . R1Cl

R2C1 R2C2 . . . R2Cl

...
...

. . .
...

RmC1 RmC2 . . . RmCl

fi

ffi

ffi

ffi

fl

.



Example

Let A P Mp3 ˆ 2;Rq and B P Mp2 ˆ 2;Rq be given by

A “

»

–

1 2
2 3

´1 1

fi

fl , B “

„

1 1
1 ´2



Then

AB “

»

–

R1

R2

R3

fi

fl

“

C1 C2

‰

“

»

–

R1C1 R1C2

R2C1 R2C2

R3C1 R3C3

fi

fl “

»

–

3 ´3
5 ´4
0 ´3

fi

fl .

In simple terms, the first column of AB is the sum of columns of A
and the second one is the first column of A minus twice the second
column of A.



Warning

The matrix multiplication is, in general, not commutative. For
example

„

1 0
0 0

 „

0 1
0 0



“

„

0 1
0 0



but

„

0 1
0 0

 „

1 0
0 0



“

„

0 0
0 0



.



Operation on Linear Transformations and Matrices

Theorem (Addition)

Let V ,W be vector spaces and let ϕ,ψ : V ÝÑ W be linear
transformations. Let A,B be bases of V and W respectively. Then
Mpϕ ` ψqB

A
“ MpϕqB

A
` MpψqB

A
.

Theorem (Composition and multiplication)

Let U,V ,W be vectors spaces and let ϕ : U ÝÑ V , ψ : V ÝÑ W
be linear transformations. Let A,B, C be the bases of U,V and
W , respectively. Then Mpψ ˝ ϕqC

A
“ MpψqC

B
MpϕqB

A
.



Example (continued)

Let ϕ : R3 ÝÑ R
2 and ψ : R2 ÝÑ R

2 be linear transformations
given by ϕppx1, x2, x3qq “ px1 ´ x2 ` 2x3,´x1 ` 3x2 ´ x3q and
ψppy1, y2qq “ py1 ´ y2, y1 ` 2y2qq. Recall that
pψ ˝ ϕqppx1, x2, x3qq “ p2x1 ´ 4x2 ` 3x3,´x1 ` 5x2q. We will
compute this again, using matrix multiplication. Let A be the
standard basis in R

3 and let B “ C be the standard basis in R
2.

Then

Mpψ ˝ ϕqC
A “ MpψqC

BMpϕqB
A “

„

1 ´1
1 2

 „

1 ´1 2
´1 3 ´1



“

“

„

2 ´4 3
´1 5 0



.

This agrees with the formula of ψ ˝ ϕ.



Applications

Proposition

Let V ,W be vector spaces and let ϕ : V ÝÑ W be a linear
transformation. Let A “ pv1, . . . , vnq be an ordered basis of V and
let B “ pw1, . . . ,wmq be an ordered basis of W . For any vector
v P V let α1, . . . , αn be the coordinates of v relative to the basis
A and let β1, . . . , βm be the coordinates of ϕpvq relative to the
basis B, that is v “ α1v1 ` . . . ` αnvn and
ϕpvq “ β1w1 ` . . . ` βmwm. Then

MpϕqB
A

»

—

—

—

–

α1

α2

...
αn

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

β1

β2

...
βm

fi

ffi

ffi

ffi

fl

.



Example

Let ψ : R2 ÝÑ R
2 be a linear transformations given by

ψppx1, x2qq “ px1 ´ x2, x1 ` 2x2q. Let st “ pp1, 0q, p0, 1qq be the
standard basis in R

2 and let
A “ pp1, 2q, p0, 1qq, B “ pp1, 0q, p1,´1qq be other two bases of R2.
We check immediately that

ψp1, 2q “ p´1, 5q “ 4p1, 0q ´ 5p1,´1q,

ψp0, 1q “ p´1, 2q “ 1p1, 0q ´ 2p1,´1q.

Therefore

Mpψqst
st “

„

1 ´1
1 2



, MpψqB
A “

„

4 1
´5 ´2



.

Pick, say, v “ p1, 1q. Since v “ 1p1, 2q ´ 1p0, 1q, the coordinates of
v relative to A are 1,´1. Since ψpvq “ p0, 3q “ 3p1, 0q ´ 3p1,´1q,
the coordinates of ψpvq relative to B are 3,´3.



Example (continued)

Mpψqst
st “

„

1 ´1
1 2



, MpψqB
A “

„

4 1
´5 ´2



.

the coordinates of v “ p1, 1q relative to the basis A are 1,´1

the coordinates of ψpvq “ p0, 3q relative to the basis B are 3,´3

Mpψqst
st

„

1
1



“

„

1 ´1
1 2

 „

1
1



“

„

0
3



MpψqB
A

„

1
´1



“

„

4 1
´5 ´2

 „

1
´1



“

„

3
´3



.



Applications (continued)

Let V be a vector space. The function idV : V ÝÑ V given by
idV pvq “ v for any v P V is a linear transformation called the

identity.

Corollary

Let A “ pv1, . . . , vnq and B “ pw1, . . . ,wnq be two ordered bases
of V . For any v P V let α1, . . . , αn be the coordinates of v relative
to the basis A and let β1, . . . , βn be the coordinates of v relative
to the basis B. Then

MpidV qB
A

»

—

—

—

–

α1

α2

...
αn

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

β1

β2

...
βn

fi

ffi

ffi

ffi

fl

.

The matrix MpidV qB
A

is called a change-of-coordinates matrix.



Applications (continued)

Proposition

Let V ,W be vector spaces and let ϕ : V ÝÑ W be a linear
transformation. Let A,A1 be (ordered) bases of V and let B,B1 be
(ordered) bases of W . Then

MpϕqB1

A1 “ MpidW qB1

B MpϕqB
AMpidV qA

A1 .

Proof.
This follows directly from the fact that idW ˝ϕ ˝ idV “ ϕ and the
formula relating composition of linear transformations with matrix
multiplication.



Example (continued)

Let ψ : R2 ÝÑ R
2 be a linear transformation given by the formula

ψppx1, x2qq “ px1 ´ x2, x1 ` 2x2q. Let st “ pp1, 0q, p0, 1qq be the
standard basis of R2 and let A “ pp1, 2q, p0, 1qq,
B “ pp1, 0q, p1,´1qq be other two bases of R2.We have already
checked that

Mpψqst
st “

„

1 ´1
1 2



, MpψqB
A “

„

4 1
´5 ´2



Let check this again using the previous Proposition. It says that

MpψqB
A “ MpidR2qB

stMpψqst
stMpidR2qst

A

We need to compute MpidR2qB
st and MpidR2qst

A
.



Example (continued)
We need to compute MpidR2qB

st and MpidR2qst
A. Recall that

A “ pp1, 2q, p0, 1qq, B “ pp1, 0q, p1,´1qq. Since

idpp1, 2qq “ 1p1, 0q ` 2p0, 1q,

idp0, 1q “ 0p1, 0q ` 1p0, 1q,

we have MpidR2qst
A “

„

1 0
2 1



. Since

idpp1, 0qq “ 1p1, 0q ` 0p1,´1q,

idpp0, 1qq “ 1p1, 0q ´ 1p1,´1q,

we have MpidR2qB
st “

„

1 1
0 ´1



. Using

MpψqB
A

“ MpidR2qB
stMpψqst

stMpidR2qst
A

one can check that

„

4 1
´5 ´2



“

„

1 1
0 ´1

 „

1 ´1
1 2

 „

1 0
2 1





Elementary Matrices
Fix α P R, n ą 0 and define the following matrices
Di “ rdkl s,Eij “ rekl s,Tij “ rtkl s, P Mpn ˆ n;Rq as follows

i) dkk “ 1 for k ‰ i , dii “ α, dkl “ 0 elsewhere,

ii) ekk “ 1 for k “ 1, . . . , n, eij “ 1, ekl “ 0 elsewhere,

iii) tkk “ 1 for k R ti , ju, tij “ tji “ 1, tkl “ 0 elsewhere.

i
»

—

—

—

—

—

—

–

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

1 0 0 ¨ ¨ ¨ 0 0
i 0 α 0 ¨ ¨ ¨ 0 0

0 0 1 ¨ ¨ ¨ 0 0

Di “
...

...
...

. . .
...

...
0 0 0 ¨ ¨ ¨ 1 0
0 0 0 ¨ ¨ ¨ 0 1

,

j
»

—

—

—

—

—

—

—

—

–

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

1 0 0 0 0 ¨ ¨ ¨ 0
i 0 1 0 1 0 ¨ ¨ ¨ 0

0 0 1 0 0 ¨ ¨ ¨ 0
Eij “ 0 0 0 1 0 ¨ ¨ ¨ 0

0 0 0 0 1 ¨ ¨ ¨ 0
...

...
...

...
...

. . .
...

0 0 0 0 0 ¨ ¨ ¨ 1

,

i j
»

—

—

—

—

—

—

—

—

—

—

–

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

1 0 0 0 ¨ ¨ ¨ 0 0 0
0 1 0 0 ¨ ¨ ¨ 0 0 0

i 0 0 0 0 ¨ ¨ ¨ 0 1 0
0 0 0 1 ¨ ¨ ¨ 0 0 0

Tij “
...

...
...

...
. . .

...
...

...
0 0 0 0 ¨ ¨ ¨ 1 0 0

j 0 0 1 0 ¨ ¨ ¨ 0 0 0
0 0 0 0 ¨ ¨ ¨ 0 0 1

.



Elementary Matrices (continued)

Proposition

Let A P Mpn ˆ m;Rq. Then

i) DiA “ matrix A with the i-th row multiplied by α,

ii) EijA “ matrix A with the j-th row added to the i-th row,

iii) TijA “ matrix A with the i-th and j-th rows switched.

Elementary row operations correspond to multiplication by
elementary matrices from the left.


