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A�ne Spae

De�nition

Let V Ă R
n
be a subspae and let p P R

n
. An a�ne spae

passing through p and parallel to V is the set

E “ p ` V “ tp ` v | v P V u.

The assoiated vetor spae of E is alled the diretion of E and is

denoted

ÝÑ
E “ V . Elements of E are alled points and the

dimension of E is de�ned to be the dimension of V , i.e.

dimE “ dimV .
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Let V Ă R
n
be a subspae and let p P R

n
. An a�ne spae

passing through p and parallel to V is the set

E “ p ` V “ tp ` v | v P V u.

The assoiated vetor spae of E is alled the diretion of E and is

denoted

ÝÑ
E “ V . Elements of E are alled points and the

dimension of E is de�ned to be the dimension of V , i.e.

dimE “ dimV .

Note that there is no distinguished point in an a�ne spae and any

a�ne spae E is invariant under translations by vetors from

ÝÑ
E .

Example

Let p “ p1,´1q and V “ linpp2, 3qq Ă R
2

. Then

E “ p ` V “ tp1 ` 2t,´1 ` 3tq P R
2 | t P Ru.
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The 0-dimensional a�ne spaes are alled points, the 1-dimensional

a�ne spaes are alled lines, the 2-dimensional a�ne spaes are

planes.

De�nition

For any two points p, q P R
n
the unique vetor with tail at p and

head at q will be denoted

ÝÑpq. It is uniquely de�ned by the property

p ` ÝÑpq “ q, i.e. ÝÑpq “ q ´ p.

When dealing with abstrat a�ne spaes one annot

"subtrat" points.

Example

Let p “ p1, 1, 1q, q “ p1, 2, 3q. Then ÝÑpq “ q ´ p “ p0, 1, 2q.

Remark

Note that if p, q P E then p ` V “ q ` V . Sine q “ p ` ÝÑpq then

q ` V “ p ` ÝÑpq ` V “ p ` V .
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0

, . . . , pk P R
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řk
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of p
0
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De�nition

Let p
0

, . . . , pk P R
n
be points. For any ai P R suh that

řk
i“0

ai “ 1 the point

řk
i“0

aipi is alled the a�ne ombination

of p
0

, . . . , pk .

Proposition

Let E “ p ` V be an a�ne spae in R
n
. Then any a�ne

ombination of p
0

, . . . , pk P E belongs to E .

Proof.

Let pi “ p ` vi , where vi P V for i “ 0, . . . , k . Then
řk

i“0

aipi “ p `
řk

i“0

aivi P E .
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Let p
0

, . . . , pk P R
n
. Then
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Example

afpp1, 1, 1q, p1, 2, 3q, p3, 2, 1qq “ p1, 1, 1q ` linpp0, 1, 2q, p2, 1, 0qqq.

Let p
0

“ p1, 1, 1q, p
1

“ p1, 2, 3q, p
2

“ p3, 2, 1q. Then

ÝÝÑp
0

p
1

“ p0, 1, 2q,

ÝÝÑp
0

p
2

“ p2, 1, 0q.
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Parametrization

De�nition

Let E “ p ` linpv
1

, . . . , vkq Ă R
n
where vetors v

1

, . . . , vk are

linearly independent. Then any point q P E an be uniquely written

as

q “ p `
k

ÿ

i“1

tivi .

Any suh presentation of E is alled a parametrization.

Example

E “ p1, 1, 1q ` linpp0, 1, 2q, p2, 1, 0qq “

“ p1, 2, 3q ` linpp0, 1, 2q, p1, 1, 1qq

that is p1 ` 2t
2

, 1 ` t
1

` t
2

, 1 ` 2t
1

q, t
1

, t
2

P R and

p1 ` t
2

, 2 ` t
1

` t
2

, 3 ` 2t
1

` t
2

q, t
1

, t
2

P R are two di�erent

parametrizations of E .
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Two a�ne spaes E ,H in R
n
are alled parallel if

ÝÑ
E “

ÝÑ
H .

Proposition

Any a�ne spae E in R
n
is equal to a set of solutions of a system

of linear equations in n variables.

Proof.

There exists a homogeneous system of linear equations desribing

the vetor spae
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The onstants b
1

, . . . , bm do not depend on the point p P E sine

any two points in E di�er by a vetor from

ÝÑ
E .
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Example

Desribe by a system of linear equations an a�ne spae E parallel

to V “ tpx
1

, x
2

, x
3

q P R
3 | x

1

` x
2

` x
3

“ 0u passing through

p “ p2, 3, 4q.
E : x

1

` x
2

` x
3

“ 9.

Example

Desribe by a system of linear equations the a�ne spae

E “ p ` V in R
4

where

p “ p1, 1, 2, 1q, V “ linpp1, 1, 3, 0q, p1, 0, 1, 0q, p0, 1, 2, 0qq.

Vetors p1, 0, 1, 0q, p0, 1, 2, 0q form a basis of V . Therefore V is

desribed by the system of equations

V :

"

x
1

` 2x
2

´ x
3

“ 0

x
4

“ 0
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Example
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Examples (ontinued)

Example

Reall E “ p1, 1, 2, 1q ` V . Therefore

E :

"

x
1

` 2x
2

´ x
3

“ 1

x
4

“ 1

De�nition

For any p, q P R
n
the distane between p and q is }ÝÑpq}. It is

denoted dpp, qq.

It has the following properties:

i) dpp, qq ě 0 and pdpp, qq “ 0 ðñ p “ qq,

ii) dpp, qq “ dpq, pq (symmetry),

iii) dpp, rq ď dpp, qq ` dpq, rq (triangle inequality).

The a�ne spae R
n
equipped with a funtion satisfying above

properties (alled metri) beomes a metri spae.
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De�nition

Let E ,H Ă R
n
be two a�ne spaes. We say that E ,H are

orthogonal if v K w for every v P
ÝÑ
E ,w P

ÝÑ
H .

De�nition

Let E Ă R
n
,H Ă R

m
be two a�ne spaes. A funtion f : E ÝÑ H

satisfying the ondition

f pp ` αq “ f ppq ` f 1pαq

for some p P E and some linear transformation f 1
:

ÝÑ
E ÝÑ

ÝÑ
H is

alled an a�ne transformation.

If q P E then f pq ` αq “ f pp ` ÝÑpq ` αq “ f ppq ` f 1pÝÑpqq ` f 1pαq “
“ f pqq ` f 1pαq therefore the ondition in the de�nition holds for

any p P E .
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transformation if and only if

f p
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i“0
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k

ÿ

i“0

ai f ppi q,

for any pi P E and ai P R suh that

řk
i“0

ai “ 1.
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transformation if and only if

f p
k

ÿ

i“0

aipiq “
k

ÿ

i“0

ai f ppi q,

for any pi P E and ai P R suh that

řk
i“0

ai “ 1.

Proof.

Assume that f is an a�ne transformation. Then

f p
řk

i“0

aipiq “ f pp
0

`
řk

i“0

ai
ÝÝÑp
0

piq “ f pp
0

q `
řk

i“0

ai f
1pÝÝÑp

0

piq “

f pp
0

q `
řk

i“0

aip
ÝÝÝÝÝÝÝÑ
f pp

0

qf ppi qq “
řk

i“0

ai f ppi q.



Properties

Proposition

Let E ,H be two a�ne spaes. Then f : E ÝÑ H is an a�ne

transformation if and only if

f p
k

ÿ

i“0

aipiq “
k

ÿ

i“0

ai f ppi q,

for any pi P E and ai P R suh that

řk
i“0

ai “ 1.

Proof.

Assume that f is an a�ne transformation. Then
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`
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i“0
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0

q `
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ai f
1pÝÝÑp
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q `
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i“0
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qf ppi qq “
řk

i“0

ai f ppi q.
We omit the proof of the other diretion
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m
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f ppx
1

, x
2

, . . . , xnqq “ pa
11

x
1

` a
12

x
2

` . . . ` a
1nxn ` b

1

, . . . ,

am1

x
1

` am2

x
2

` . . . ` amnxn ` bmq,

where aij , bk P R. The linear transformation f 1
has matrix

Mpf 1qstst “

»

—

–

a
11

. . . a
1n

.

.

.

.

.

.

.

.

.

am1

. . . amn

fi

ffi

fl

in standard bases.



Properties

Remark

Any a�ne transformation f : Rn ÝÑ R
m

an be written as
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x
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—
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a
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.

.

.

.

.

.

.

.

.

am1

. . . amn

fi

ffi

fl

in standard bases.

Proof.

Choose p “ p0, . . . , 0q so

f ppx
1

, . . . , xnqq “ f pp0, . . . , 0qq ` f 1ppx
1

, . . . , xnqq.



A�ne Orthogonal Projetion and Re�etion

De�nition

Let E Ă R
n
be an a�ne spae and let p

0

P E . The a�ne

transformation πE : R
n ÝÑ R

n
de�ned by

πE ppq “ πE pp
0

` ÝÑp
0

pq “ p
0

` PÝÑ
E

pÝÑp
0

pq,

where PÝÑ
E

is the (linear) orthogonal projetion on

ÝÑ
E , is alled an

(a�ne) orthogonal projetion on E .
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De�nition

Let E Ă R
n
be an a�ne spae and let p

0

P E . The a�ne

transformation πE : R
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n
de�ned by

πE ppq “ πE pp
0

` ÝÑp
0

pq “ p
0

` PÝÑ
E

pÝÑp
0

pq,

where PÝÑ
E

is the (linear) orthogonal projetion on

ÝÑ
E , is alled an

(a�ne) orthogonal projetion on E .

The transformation σE : R
n ÝÑ R

n
de�ned by

σE ppq “ σE pp
0

` ÝÑp
0

pq “ p
0

` SÝÑ
E

pÝÑp
0

pq,

where SÝÑ
E

is the (linear) orthogonal re�etion about

ÝÑ
E , is alled

an (a�ne) orthogonal re�etion about E .



Orthogonal Projetion

p
0

p

ÝÑp
0

p

PÝÑ
E

pÝÑp
0

pq

PKÝÑ
E

pÝÑp
0

pq

p
0

`
ÝÑ
E

K

E “ p
0

`
ÝÑ
E

ÝÑp
0

p “ PÝÑ
E

pÝÑp
0

pq ` PK
ÝÑ
E

pÝÑp
0

pq
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E
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0
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0
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ÝÑ
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p
0
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p
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E “ p
0

`
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E

ÝÑp
0
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E
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ÝÑ
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pÝÑp
0

pq



Orthogonal Re�etion

SÝÑ
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pÝÑp
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ÝÑ
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pÝÑp
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pq

SÝÑ
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pÝÑp
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p
0
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SÝÑ
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ÝÑ
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pÝÑp
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pq

SÝÑ
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pÝÑp
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pq

p
0

p

ÝÑp
0
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PÝÑ
E

pÝÑp
0

pq

PKÝÑ
E

pÝÑp
0

pq

p
0

`
ÝÑ
E

K

E “ p
0

`
ÝÑ
E

σE ppq
σE ppq“ p

0

`SÝÑ
E

pÝÑp
0

pq

ÝÑp
0

p “ PÝÑ
E

pÝÑp
0

pq ` PK
ÝÑ
E
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Example

Let p
0

“ p1, 1, 1q, p
1

“ p1, 2, 3q. Let E “ afpp
0

, p
1

q be an a�ne

line. Compute orthogonal projetion of p “ p2, 0, 1q on E .

ÝÑp
0

p “ p2, 0, 1q ´ p1, 1, 1q “ p1,´1, 0q,
ÝÑ
E “ linpp0, 1, 2qq,

The linear projetion of

ÝÑp
0

p on

ÝÑ
E is

PÝÑ
E

pÝÑp
0

pq “
p1,´1, 0q ¨ p0, 1, 2q

0

2 ` 1

2 ` 2

2

p0, 1, 2q “ ´
1

5

p0, 1, 2q.

Therefore πE ppq “ p1, 1, 1q ´ 1

5

p0, 1, 2q “ 1

5

p5, 4, 3q.



Intersetion of A�ne Spaes

Proposition

Let E “ p ` V ,H “ q ` W Ă R
n
be two a�ne spaes. Then

either E X H “ H or p
0

P E X H and

E X H “ p
0

` pV X W q.
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Proof.
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0

` V and H “ p
0

` W .



Intersetion of A�ne Spaes

Proposition

Let E “ p ` V ,H “ q ` W Ă R
n
be two a�ne spaes. Then

either E X H “ H or p
0

P E X H and

E X H “ p
0

` pV X W q.

Proof.

If p
0

P E X H then E “ p
0

` V and H “ p
0

` W .

Proposition

Let E “ p ` V ,H “ q ` W Ă R
n
be two a�ne spaes. Then

E X H ‰ H if and only if

ÝÑpq “ v ` w , where v P V ,w P W .



Intersetion of A�ne Spaes (ontinued)

Proof.

Assume

ÝÑpq “ v ` w as above. Then q ´ w P H and

q ´ w “ p ` ÝÑpq ´ w “ p ` v P E .



Intersetion of A�ne Spaes (ontinued)

Proof.

Assume

ÝÑpq “ v ` w as above. Then q ´ w P H and

q ´ w “ p ` ÝÑpq ´ w “ p ` v P E . Assume that p
0

P E X H. Then

ÝÑpq “ ÝÑpp
0

` ÝÑp
0

q where

ÝÑpp
0

P V and

ÝÑp
0

q P W .



Projetion as Intersetion

Proposition

Let V Ă R
n
be a vetor spae. For any p, q P R

n
the a�ne spaes

p ` V and q ` VK
interset in exatly one point.
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Proposition

Let E Ă R
n
be an a�ne spae and let p

0

P E . Then for any p P R
n

the a�ne spaes p
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`
ÝÑ
E and p `

ÝÑ
E

K

interset exatly in the point

πE ppq.



Projetion as Intersetion

Proposition

Let V Ă R
n
be a vetor spae. For any p, q P R

n
the a�ne spaes

p ` V and q ` VK
interset in exatly one point.

Proof.

By the previous leture

ÝÑpq “ PV pÝÑpqq ` PVKpÝÑpqq and

V X VK “ t0u.

Proposition

Let E Ă R
n
be an a�ne spae and let p

0

P E . Then for any p P R
n

the a�ne spaes p
0

`
ÝÑ
E and p `

ÝÑ
E

K

interset exatly in the point

πE ppq.

Proof.

We know

ÝÑp
0

p “ PV pÝÑp
0

pq ` PVKpÝÑp
0

pq. As in the previous proof the

only point of the intersetion is equal to p
0

` PV pÝÑp
0

pq. This is
equal to πE ppq by de�nition.



Orthogonal Projetion (again)

πE ppq“ p
0

`PV pÝÑp
0

pq

πE ppq

p
0

p

PV pÝÑp
0

pq

E “ p
0

` V



Orthogonal Projetion (again)

πE ppq“ p
0

`PV pÝÑp
0

pq

πE ppq

p
0

p

PV pÝÑp
0

pq

E “ p
0

` V

πE ppq

πE ppq“ p
0

`PV pÝÑp
0

pq

pp
0

` V q X pp ` V Kq “ πE ppq

p ` V K
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E “ tp1, 1, 1q ` tp0, 1, 2q | t P Ru.



Example

Let p
0

“ p1, 1, 1q, p
1

“ p1, 2, 3q. Let E “ afpp
0

, p
1

q be an a�ne

line. Compute orthogonal projetion of p “ p2, 0, 1q on E . We

ompute the intersetion of E “ p
0

`
ÝÑ
E with p `

ÝÑ
E

K

. The line E

is parameterized as follows

E “ tp1, 1, 1q ` tp0, 1, 2q | t P Ru.

The orthogonal omplement to

ÝÑ
E is two-dimensional hene given

by a single equation x
2

` 2x
3

“ 0. The point p satis�es the

equation, therefore p `
ÝÑ
E

K

is desribed by x
2

` 2x
3

“ 2. By

substituting the parametrization to the equation we get

p1 ` tq ` 2p1 ` 2tq “ 2 ùñ t “ ´
1

5

.

Hene πE p2, 0, 1q “ p1, 1, 1q ´ 1

5

p0, 1, 2q “ 1

5

p5, 4, 3q.



Example

Find a formula of a orthogonal projetion onto the a�ne spae

E “ afpp1, 1, 1, 1q, p1, 0, 1, 0q, p1, 1, 0, 0qq Ă R
4

. The spae E an

be written as E “ p1, 1, 1, 1q ` linpp0, 1, 0, 1q, p0, 0, 1, 1qq. We need

to �nd an orthogonal basis of

ÝÑ
E . Set

v
1

“ p0, 1, 0, 1q, v
2

“ p0, 0, 1, 1q. Then

w
1

“ v
1

“ p0, 1, 0, 1q,

w
2

“ v
2

´
v
2

¨ w
1

w
1

¨ w
1

w
1

“ p0, 0, 1, 1q ´
1

2

p0, 1, 0, 1q “
1

2

p0,´1, 2, 1q.
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“ v
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w
2

“ v
2

´
v
2

¨ w
1

w
1

¨ w
1

w
1

“ p0, 0, 1, 1q ´
1

2

p0, 1, 0, 1q “
1

2

p0,´1, 2, 1q.

The vetors p0, 1, 0, 1q, p0,´1, 2, 1q form an orthogonal basis of

ÝÑ
E .

Reall πE ppq “ p
0

` PÝÑ
E

pÝÑp
0

pq therefore

πE px
1

, x
2

, x
3

, x
4

q “ p1, 1, 1, 1q `PÝÑ
E

px
1

´1, x
2

´1, x
3

´1, x
4

´1q “

“ p1, 1, 1, 1q`
x
2

` x
4

´ 2

2

p0, 1, 0, 1q`
´x

2

` 2x
3

` x
4

´ 2

6

p0,´1, 2, 1q “



Example (ontinued)

πE px
1

, x
2

, x
3

, x
4

q “ p1, 1, 1, 1q `PÝÑ
E

px
1

´1, x
2

´1, x
3

´1, x
4

´1q “

“ p1, 1, 1, 1q`
x
2

` x
4

´ 2

2

p0, 1, 0, 1q`
´x

2

` 2x
3

` x
4

´ 2

6

p0,´1, 2, 1q “

“ p1,
2x

2

´ x
3

` x
4

` 1

3

,
´x

2

` 2x
3

` x
4

` 1

3

,

x
2

` x
3

` 2x
4

´ 1

3

q.


