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Notation

Definition

A matrix A€ M(n x n;R) is called a square matrix. For any square
matrix A let Aj € M((n—1) x (n—1);R) denote the submatrix of
A formed by deleting the i-th row and j-th column of A.

Example



Determinant

Definition
A determinant is a function det : M(n x n; R) — R satisfying the
conditions:
i) if A= [a] then detA = a,
a1l ... din
i) if A= oo and n > 1 then
anl ... dpn

detA = Z(—1)1+ja1j det Alj.
j=1



Examples

: : a a
In particular, if A = 912 1 then
a1 ax

141 142
det A= (—1)"""anaxn + (—1) " apax = ar1axn — azan

Forexample,det[1 }=1-4—3~2=—2.



Examples (continued)

ai1 d12 a3
In particular, if A= | a»;1 ax» ax3 | then

a31 432 4a33

det A= (—1)1*tay det{ 922 42 ] +
d32 4as3

a a a a
(—1)1+2312 det 21 23 + (—1)1+3313 det 21 2| =
asr ass a31  ds2

a11322333 +3124a23331 +a13821332 — 313322331 —3d11d23332 —a12321333-

=1-3-2+2-1-2=10.

N W O
N O DN

1
For example, det | 1
0



Rule of Sarrus

a11322333 + 312323331 + 313321332 —A13a22331 — 11323332 — 312421333

Note this DOES NOT work for n-by-n matrices for
n =4,



Properties of Determinants

Let A, B, C e M(n x m;R)
Theorem

i) Let 1 < k < n. If matrices A, B, C have all rows the same
(resp. columns) except the k-th row (resp.column) and k-th
row of C is the sum of k-th rows (resp. columns) of matrices
A and B then det C = det A + det B,

i) If matrix B is equal to the matrix A with two rows (resp.
columns) interchanged then det B = — det A,

iii) If matrix B is equal to the matrix A with some row (res. some
column) multiplied by a constant c € R then det B = cdet A.

Proof.

Use induction on the matrix size. O



Examples

AN O N
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- - O

det[
3det[
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Transposition
Definition
Let A = [aj;] € M(m x n;R). The matrix B = [bjj] € M(n x m; R)

where bjj = ajj is called the transpose of matrix A. We write
B =AT.

Example
1 3
ac[120] we|2
0 5

Theorem

Let Ae M(n x n;R). Then det A = det AT.

Example

2 17 2 3 2 1
det[3 4] =det{1 4]=det{3 4].



Laplace expansion

Theorem
dil1 ... din

Let A= oo and let n > 1. Then forany 1 <i<n
dnl -.. dnpn

n n
det A = Z(—l)i+ja,'1' det A,'_,' = Z(—l)i+jaj;detAj;.
j=1 j=1

Example

&~ NN O



Determinants and Matrix Multiplication

Theorem (Special case of Cauchy-Binet formula)
Let A,B e M(nx n;R). Then det AB = det Adet B.

Example

2 1 2 -1 10
det{3 2]det{_3 2]—det{0 1]—1.



Corollaries

Corollary

i) if matrix A has a zero row or a zero column then det A =0,
i) if matrix A has two equal rows (resp. columns) then det A =0,
iii) an elementary operation of switching two rows (resp. columns)
of matrix A changes the sign of the determinant of A,
iv) an elementary operation of adding a row (resp. a column) of

matrix A to other row (resp. column) does not change the
determinant of A,

v) an elementary operation of multiplying a row (resp. a column)
of matrix A by a constant ¢ € R multiplies the determinant by
constant c,

vi) if rows (resp. columns) of matrix A form are linearly dependent
then det A = 0.



Proofs

i) use Laplace expansion formula along the zero row (resp.
column),

i) use induction on the size of the matrix,

iii) as above,

iv) use Laplace expansion formula along the row (resp. column)
which is the sum,

v) use Laplace expansion formula along the row (resp. column)
multiplied by c € R,

vi) a row (resp. a column) is a linear combination of the other, use
elementary row (resp. column) operations to get a zero row
(resp. a zero column). Then use i).



Computing Determinants

Definition
A matrix A = [aj]] € M(n x n;R) is called upper-triangular if
aj=0forl<j<i<n.

Example
1 01 -1 7
0 30 2 3
Matrix | 0 0 5 0 —2 | is upper-triangular.
0 00 2 1
0 00 0 0
Proposition

If matrix A = [ajj] € M(n x n;R) is upper-triangular then
det A= aj1axn - ann-

Proof.
Use induction and the Laplace expansion formula along the first
column of A.



Computing Determinants (continued)

Note that a square matrix in an echelon form is upper-triangular.

Corollary

For any A€ M(n x n;R) rows (resp. columns) of A are linearly
dependent if and only if det A = 0.

Proof.
(<) matrix A can be transformed by elementary row operations to
an echelon form with a zero row. O

How to compute determinant of matrix?

Use elementary operations on rows and columns in order to get as
many zeroes as possible in a row or a column and use the Laplace
expansion.

or

Put matrix in an upper-triangular form using elementary operations
and take product of the diagonal entries.
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Block Matrices

Theorem
Let M = { '3 ? ] where A, C are square matrices and 0 is a zero
matrix. Then det M = det Adet C.
Example
Let
1 21 -1 3
3 0 2 10 22 1 21 s 5
det| 4 5 0 7 9 | =det| 3 0 2 det[lQ]z
000 2 5 4 5 0
0 0 O 1 2

(2:2-4+41-3.5-1-2.5)(2-2—1-5) = —21.



Area (2—dimensional volume)

_________________

(b1, b2) /!

(a1, 22) /

The area of a parallelogram spanned by vectors (a1, az), (b1, bo) is
al b1 }

equal to the absolute value of det {
a b



Volume

The area of a parallelepiped spanned by vectors

(a1, a2, as), (b1, ba, b3), (c1, 2, c3) is equal to the absolute value of
a b a

det| a» b o
a b3 c



