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Notation

De�nition

A matrix A P Mpn ˆ n;Rq is alled a square matrix. For any square

matrix A let Aij P Mppn ´ 1q ˆ pn ´ 1q;Rq denote the submatrix of

A formed by deleting the i -th row and j-th olumn of A.

Example

A “

»

–

´1 5 0

4 ´2 3

2 ´1 0

fi

fl

, A
23

“

„

´1 5

2 ´1



.



Determinant

De�nition

A determinant is a funtion det : Mpn ˆ n;Rq ÝÑ R satisfying the

onditions:

i) if A “ ras then detA “ a,

ii) if A “

»

—

–

a
11

. . . a
1n

.

.

.

.

.

.

.

.

.

an1 . . . ann

fi

ffi

fl
and n ą 1 then

detA “
n

ÿ

j“1

p´1q1`ja
1j detA1j .



Examples

In partiular, if A “

„

a
11

a
12

a
21

a
22



then

detA “ p´1q1`1a
11

a
22

` p´1q1`2a
12

a
21

“ a
11

a
22

´ a
12

a
21

.

For example, det

„

1 3

2 4



“ 1 ¨ 4 ´ 3 ¨ 2 “ ´2.



Examples (ontinued)

In partiular, if A “

»

–

a
11

a
12

a
13

a
21

a
22

a
23

a
31

a
32

a
33

fi

fl

then

detA “ p´1q1`1a
11

det

„

a
22

a
23

a
32

a
33



`

p´1q1`2a
12

det

„

a
21

a
23

a
31

a
33



` p´1q1`3a
13

det

„

a
21

a
22

a
31

a
32



“

a
11

a
22

a
33

`a
12

a
23

a
31

`a
13

a
21

a
32

´a
13

a
22

a
31

´a
11

a
23

a
32

´a
12

a
21

a
33

.

For example, det

»

–

1 0 2

1 3 0

0 2 2

fi

fl “ 1 ¨ 3 ¨ 2 ` 2 ¨ 1 ¨ 2 “ 10.



Rule of Sarrus

a
11

a
12

a
13

a
11

a
12

a
21

a
22

a
23

a
21

a
22

a
31

a
32

a
33

a
31

a
32

»

—

—

—

—

–

fi

ffi

ffi

ffi

ffi

fl

` ` `

´ ´ ´

a
11

a
22

a
33

`a
12

a
23

a
31

`a
13

a
21

a
32

´a
13

a
22

a
31

´a
11

a
23

a
32

´a
12

a
21

a
33

Note this DOES NOT work for n-by-n matries for

n ě 4.



Properties of Determinants

Let A,B ,C P Mpn ˆ n;Rq

Theorem

i) Let 1 ď k ď n. If matries A,B ,C have all rows the same

(resp. olumns) exept the k-th row (resp.olumn) and k-th

row of C is the sum of k-th rows (resp. olumns) of matries

A and B then detC “ detA ` detB ,

ii) If matrix B is equal to the matrix A with two rows (resp.

olumns) interhanged then detB “ ´ detA,

iii) If matrix B is equal to the matrix A with some row (res. some

olumn) multiplied by a onstant c P R then detB “ c detA.

Proof.

Use indution on the matrix size.



Examples

i)

det

»

–

1 0 2

1 3 0

0 2 2

fi

fl ` det

»

–

1 0 2

2 ´5 3

0 2 2

fi

fl “ det

»

–

1 0 2

3 ´2 3

0 2 2

fi

fl

ii)

det

»

–

1 3 0

1 0 2

0 2 2

fi

fl “ ´ det

»

–

1 0 2

1 3 0

0 2 2

fi

fl

iii)

det

»

–

1 0 2

3 9 0

0 2 2

fi

fl “ 3 det

»

–

1 0 2

1 3 0

0 2 2

fi

fl



Transposition

De�nition

Let A “ raij s P Mpm ˆ n;Rq. The matrix B “ rbij s P Mpn ˆ m;Rq
where bij “ aji is alled the transpose of matrix A. We write

B “ A⊺
.

Example

A “

„

1 2 0

3 2 5



, A⊺ “

»

–

1 3

2 2

0 5

fi

fl

.

Theorem

Let A P Mpn ˆ n;Rq. Then detA “ detA⊺
.

Example

det

„

2 1

3 4

⊺

“ det

„

2 3

1 4



“ det

„

2 1

3 4



.



Laplae expansion

Theorem

Let A “

»

—

–

a
11

. . . a
1n

.

.

.

.

.

.

.

.

.

an1 . . . ann

fi

ffi

fl
and let n ą 1. Then for any 1 ď i ď n

detA “
n

ÿ

j“1

p´1qi`jaij detAij “
n

ÿ

j“1

p´1qi`jaji detAji .

Example

det

»

—

—

–

0 2 0 0

1 9 2 0

3 8 4 3

2 6 5 0

fi

ffi

ffi

fl

“ p´1q3`4

3 det

»

–

0 2 0

1 9 2

2 6 5

fi

fl “

“ ´3p´1q1`2

2 det

„

1 2

2 5



“ 6.



Determinants and Matrix Multipliation

Theorem (Speial ase of Cauhy-Binet formula)

Let A,B P Mpn ˆ n;Rq. Then detAB “ detA detB .

Example

det

„

2 1

3 2



det

„

2 ´1

´3 2



“ det

„

1 0

0 1



“ 1.



Corollaries

Corollary

i) if matrix A has a zero row or a zero olumn then detA “ 0,

ii) if matrix A has two equal rows (resp. olumns) then detA “ 0,

iii) an elementary operation of swithing two rows (resp. olumns)

of matrix A hanges the sign of the determinant of A,

iv) an elementary operation of adding a row (resp. a olumn) of

matrix A to other row (resp. olumn) does not hange the

determinant of A,

v) an elementary operation of multiplying a row (resp. a olumn)

of matrix A by a onstant c P R multiplies the determinant by

onstant c ,

vi) if rows (resp. olumns) of matrix A form are linearly dependent

then detA “ 0.



Proofs

i) use Laplae expansion formula along the zero row (resp.

olumn),

ii) use indution on the size of the matrix,

iii) as above,

iv) use Laplae expansion formula along the row (resp. olumn)

whih is the sum,

v) use Laplae expansion formula along the row (resp. olumn)

multiplied by c P R,

vi) a row (resp. a olumn) is a linear ombination of the other, use

elementary row (resp. olumn) operations to get a zero row

(resp. a zero olumn). Then use i).



Computing Determinants

De�nition

A matrix A “ raij s P Mpn ˆ n;Rq is alled upper-triangular if

aij “ 0 for 1 ď j ă i ď n.

Example

Matrix

»

—

—

—

—

–

1 0 1 ´1 7

0 3 0 2 3

0 0 5 0 ´2

0 0 0 2 1

0 0 0 0 0

fi

ffi

ffi

ffi

ffi

fl

is upper-triangular.

Proposition

If matrix A “ raij s P Mpn ˆ n;Rq is upper-triangular then

detA “ a
11

a
22

¨ ¨ ¨ ann.

Proof.

Use indution and the Laplae expansion formula along the �rst

olumn of A.



Computing Determinants (ontinued)

Note that a square matrix in an ehelon form is upper-triangular.

Corollary

For any A P Mpn ˆ n;Rq rows (resp. olumns) of A are linearly

dependent if and only if detA “ 0.

Proof.

pðq matrix A an be transformed by elementary row operations to

an ehelon form with a zero row.

How to ompute determinant of matrix?

Use elementary operations on rows and olumns in order to get as

many zeroes as possible in a row or a olumn and use the Laplae

expansion.

or

Put matrix in an upper-triangular form using elementary operations

and take produt of the diagonal entries.



Example

det

»

—

—

–

1 2 2 6

1 2 2 5

1 1 2 8

2 5 6 2

fi

ffi

ffi

fl

r
1

´r
2“ det

»

—

—

–

0 0 0 1

1 2 2 5

1 1 2 8

2 5 6 2

fi

ffi

ffi

fl

“

p´1q1`4 det

»

–

1 2 2

1 1 2

2 5 6

fi

fl “ ´2 det

»

–

1 2 1

1 1 1

2 5 3

fi

fl

c
3

´c
1“

´2 det

»

–

1 2 0

1 1 0

2 5 1

fi

fl “ ´2p´1q3`3 det

„

1 2

1 1



“ 2.



Blok Matries

Theorem

Let M “

„

A B

0 C



where A,C are square matries and 0 is a zero

matrix. Then detM “ detA detC .

Example

Let

det

»

—

—

—

—

–

1 2 1 ´1 3

3 0 2 10 22

4 5 0 7 9

0 0 0 2 5

0 0 0 1 2

fi

ffi

ffi

ffi

ffi

fl

“ det

»

–

1 2 1

3 0 2

4 5 0

fi

fl det

„

2 5

1 2



“

p2 ¨ 2 ¨ 4 ` 1 ¨ 3 ¨ 5 ´ 1 ¨ 2 ¨ 5qp2 ¨ 2 ´ 1 ¨ 5q “ ´21.



Area (2´dimensional volume)

pa
1

, a
2

q

pb
1

, b
2

q

The area of a parallelogram spanned by vetors pa
1

, a
2

q, pb
1

, b
2

q is

equal to the absolute value of det

„

a
1

b
1

a
2

b
2



.



Volume

pa
1

, a
2

, a
3

q

pb
1

, b
2

, b
3

q

pc
1

, c
2

, c
3

q

The area of a parallelepiped spanned by vetors

pa
1

, a
2

, a
3

q, pb
1

, b
2

, b
3

q, pc
1

, c
2

, c
3

q is equal to the absolute value of

det

»

–

a
1

b
1

c
1

a
2

b
2

c
2

a
3

b
3

c
3

fi

fl

.


